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1. In t roduc t ion :  
Opt imal  t ra jec tory  problems usua l ly  involve  the  de te rmina t ion  of  a v e h i c l e  
a c c e l e r a t i o n   h i s t o r y   t h a t  will accomplish a r e q u i r e d  c h a n g e  i n  v e h i c l e  
state w i t h  a minimum expendi ture  of  fue l .  Funct iona l  op t imiza t ion  problems 
of th i s  type  can  be  reduced  to  boundary  va lue  problems in  ord inary  d i f fe ren-  
t i a l  equat ions by a p p l i c a t i o n  o f  the well-knovm necessary  condi t ions  of  
o p t i m a l i t y  i n  t h e  f o r m  of t h e  classical Calculus  of  Variat ions,  or  one of  i t s  
more r e c e n t   c o u n t e r p a r t s ,  dynamic programming") and t h e  maximum pr inc ip l e  (2 )  . 
However, e x c e p t  i n  rare i n s t a n c e s ,  t h e  p r i n c i p a l  p a r t s  o f  t h e  s o l u t i o n s  t o  
these boundary value problems are n o t  a v a i l a b l e  i n  c l o s e d  form. S ta t e -o f - the  
art  guidance schemes (3) ' (4) ' (5) c i rcumvent   th i s   d i f f icu l ty   by   cons ider ing  
approximate formulations of t he  o r ig ina l  p rob lem tha t  a l low ana ly t i c  cons t ruc -  
t i on  o f  ma jo r  pa r t s  o f  t he  so lu t ion ,  s o  t h a t  o n l y  a simple iterative process  is 
required.   Since  these  approaches  avoid some o f  t he  time-consuming  numerical 
i n t e g r a t i o n  p r o c e d u r e s  t h a t  w o u l d  b e  r e q u i r e d  t o  compute a g e n e r a l  s o l u t i o n  
to  the  fundamenta l  p roblem,  the  speed  needed  for  real-time a p p l i c a t i o n  h a s  
been the pr imary motivat ion for  semi-expl ic i t  methods of  this type. A s  a 
r e s u l t  o f  t h e  a p p r o x i m a t i o n s ,  t h e  a c c u r a c y  a n d  f l e x i b i l i t y  o f  c u r r e n t  f l i g h t  
schemes are. l i m i t e d ,  p r i m a r i l y  i n  t h a t  t h e y  are nea r ly  op t ima l  on ly '  fo r  sho r t  
arcs of  powered f l i g h t  and for  special ized mission (boundary-value)  condi t ions 
i n  a r e s t r i c t e d  c o o r d i n a t e . s y s t e m .  T h i s  l i m i t a t i o n  c a n  b e  r e l a x e d  somewhat 
i n   p r a c t i c e  by use of  special  purpose adjustments ,  but  only a t  the expense of 
a d d i t i o n a l  p r e f l i g h t  a n a l y s i s  and simulation. 
(1) DREYFUS, S.E. Dynamic Programing  and   the   Calcu lus   o f   Var ia t ions ,  
Academic P res s ,  Inc . ,  New York and London, 1965. 
(2) PONTRIAGIN, L.S. e t  al. The  Mathematical  Theory of Optimal  Processes,  
I n t e r s c i e n c e  P u b l i s h e r s ,  J o h n  V i l e y  and Sons, Inc., Net7 York and Lon- 
don,  1962. 
(3) SMITH, I .E.  "A Three  Dimensional  Ascending Iterative Guidance Mode," 
NASA-MSFC Report MTP-AERO-63-49, June, 1963. 
(4) MacPHERSON, D. "An E x p l i c i t  S o l u t i o n  t o  t h e  Powered F l i g h t  Dynamics 
of a Rocket Vehicle," Aerospace Corporation, Report TDR-169 ( 3 1 2 6 ) ~ ~ - 2 ,  
October , 1962. 
(5) CHERRY, G. B. "A General  Explicit   Optimizing  Guidance Law f o r  Rocket- 
P rope l l ed  Space f l igh t , "  AIAA Paper 64-638, August, 1964. 
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General iterative procedures for solving two-point boundary value 
problems may b e  c l a s s i f i e d  u n d e r  two main headings: "direct" methods 
and  "indirect"  methods.  Roughly  speaking,  direct  methods  search  over 
the  space  of  func t ions  sa t i s fy ing  the  boundary  va lue  requi rements  for  a 
f u n c t i o n  s a t i s f y i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s ,  w h e r e a s  i n d i r e c t  m e t h o d s  
s e a r c h  o v e r  t h e  s p a c e  o f  f u n c t i o n s  s a t i s f y i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  
f o r  a funct ion sat isfying the boundary-value requirements .  
Pr ior  to  1965,  general  ( f lexible)  numerical  procedures  for  computing precise  
o p t i m a l  t r a j e c t o r i e s  were f a r  t o o  u n r e l i a b l e  i n  c o n v e r g e n c e  and c o s t l y  i n  
computa t ion  requi rements  to  be  cons idered  for  real-time guidance. However, 
an i n d i r e c t  method f o r  comput ing  opt imal  t ra jec tor ies ,  OPGUID, was de- 
veloped i n  1965 ( 6 ) y  (7) incorpora t ing  improved  techniques  to  obta in  a sub- 
s t an t i a l  ga in  in  speed ,  conve rgence ,  and  f l ex ib i l i t y .  The p r i n c i p a l  
improvements were the u s e  o f  a n  e f f i c i e n t  i n t e g r a t i o n  a l g o r i t h m  t h a t  was 
t a i l o r e d  t o  s p e c i a l  f e a t u r e s  o f  t h e  i n i t i a l - v a l u e  p r o b l e m ,  a n d  t h e  u s e  o f  
c losed  fo rm rep resen ta t ions  o f  t he  f ina l -va lue  t r ansve r sa l i t y  cond i t ions  
f o r  g e n e r a l  o r b i t a l  i n j e c t i o n  m i s s i o n s  o f  i n t e r e s t .  
S p e c i f i c a l l y ,  t h e  OPGUID a lgor i thm developed  in  1965 requfred  less than one- 
half  second per i teration of the boundary-value problem (on an IBM 7094) as com- 
p a r e d  t o  a minute  or  more p e r  i t e r a t i o n  r e q u i r e d  by o t h e r  e x i s t i n g  a l g o r i t h m s  
t h a t  were a p p l i c a b l e  t o  l a u n c h  v e h i c l e  t r a j e c t o r y  p r o b l e m s  a t  t h a t  time. A 
s i m p l e  s c a l i n g  r u l e  f o r  t h e  amount of t he  Newton ian  co r rec t ion  tha t  was per- 
m i t t e d  p e r  i t e r a t i o n  r e s u l t e d  i n  a n  e x t r e m e l y  l a r g e  r e g i o n  of convergence that 
was s u r p r i s i n g l y  i n s e n s i t i v e .  t o  a c c u r a t e  i n i t i a l i z a t i o n  ( e .  g. a complete 180' 
reversal i n  t h e  i n i t i a l  t h r u s t  d i r e c t i o n  c o u l d  b e  c o r r e c t e d  f o r  i n  t e n  t o  t w e n t y  
i t e r a t i o n s  f o r  t y p i c a l  S a t u r n  and   Apol lo   l aunch   t ra jec tor ies ) .  
The ind i rec t  approach  is p a r t i c u l a r l y  well s u i t e d  f o r  real-time use,  where the 
g u i d a n c e  s c h e m e  m u s t  c o n t i n u a l l y  a d j u s t  t o  p e r t u r b a t i o n s  i n  i n i t i a l  c o n d i t i o n s  
(6) BROWN, K.R. and JOHNSON, G.W. "Optimal  Guidance f o r   O r b i t a l   T r a n s f e r , "  
IBM Report #65-221-0003HY H u n t s v i l l e ,  Alabama, 30 August 1965. 
(7) BROWN, K.R. and JOHNSON, G.W. "Rapid  Computation  of  Optimal  Trajectories," 
IBM Journal of Research and Development, Volume 11, Number 4,  July 1967,  
pp.  373-382. 
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which is readi ly  accomplished by a s i n g l e  Newtonian i t e r a t i o n  on the boundary- 
va lue  problem.  Feas ib i l i ty  of  the  use  of OPGUID as a real-time guidance 
scheme for  opt imizing s ingle-burn-arc  (i.e. a sequence  of  th rus t ing  s tages  
sepa ra t ed  by r e l a t i v e l y  s h o r t , '  f i x e d ,  s t a g i n g  i n t e r v a l s )  o r b i t a l  i n j e c t i o n  
missions vas demonstrated i n  1966 (8) 
However, many o rb i t  t r ans fe r  p rob lems  r equ i r e  the  use  o f  several b u m  arcs 
sepa ra t ed  by r e l a t i v e l y  l o n g  o p t i m a l  c o a s t  arcs. Seve ra l  au tho r s  
have  repor ted  on  the  need  to  use  the  more complex "direct" methods,  quasi-  
l i n e a r i z a t i o n  o r  g e n e r a l i z e d  Newton-Raphson, i n  o r d e r  t o  o b t a i n  c o n v e r g e n c e  
f o r   t h i s  problem f o r  t h e  r e s t r i c t e d  case of motion in. a p lane  and  f ixed  
boundary  conditions.  However, a mult i -burn-arc   vers ion  of  OPGUID, developed 
i n  1967(12) ,  demonstrated that  the attractive fundamental approach of OPGUID 
could  successfu l ly  converge  a gene ra l  fo rmula t ion  o f  t h i s  p rob lem,  wi th  va r i ab le  
boundary conditions. A sophis t ica ted  vers ion  of  the  mul t i -burn  program (SWITCH) 
has been developed under Contract NAS 8-21315, t ha t  has  success fu l ly  conve rged  
a v a r i e t y  of o r b i t a l  t r a n s f e r  p r o b l e m s  w i t h  an e f f i c i e n c y  a n d  r e l i a b i l i t y  compar- 
a b l e  t o  t h a t  of t h e  o r i g i n a l  OPGUID. Cur ren t ly  a maximum of 0.25  seconds compu- 
t a t i o n  time is r e q u i r e d  p e r  i t e r a t i o n  o n  a CDC 6600 and normally only three to 
s i x   i t e r a t i o n s  are needed  for  typ ica l  p roblems.  
(9) , (10) , (11) 
A s  a r e s u l t ,  t h e  i n d i r e c t  method of SWITCH is no t  on ly  f eas ib l e  bu t  cons ide rab ly  
s u p e r i o r  t o  e x i s t i n g  i m p l e m e n t a t i o n s  o f  q u a s i l i n e a r i z a t i o n  i n  convergence as 
well as e f f i c i e n c y .  A p r i n c i p a l  f e a t u r e  o f  SWITCH is  the  use  o f  classical two- 
body theory  to  render  the  computa t ions  for  coas t  arcs exp l i c i t .  S ince  h igh -  
t h r u s t  m u l t i - b u r n  o r b i t  t r a n s f e r s  u s u a l l y  i n v o l v e  c o a s t  arcs many times longe r  
i n  d u r a t i o n  t h a n  b u r n  arcs, t h i s  r e s u l t s  i n  a s u b s t a n t i a l  s a v i n g  i n  computation 
BROWN, K.R. and JOHNSON, G.W. "Real-Time Optimal  Guidance," IEEE Transac- 
t ions on Automatic Control ' ,  Vol. AC-12,  No. 5, October, 1967. 
KENNETH, Po  and McGILL, R. "Two-Point  Boundary-Value  Problem  Techniques," 
Advances in  Con t ro l  Sys t ems ,  Vol. 3, C. T. Leendes  (ed.),  1966. 
McCUE, G.A. and BENDER, D.F. " S a t e l l i t e  O r b i t  T r a n s f e r  S t u d i e s , "  NASA 
Report #N66-36050 , 1966. 
O ' I W O N Y ,  M.S., BKRIDGE, C O D .  and HANAFY, L.M. "The Optimal  Solution  of 
Tra jec tory  Problems Cons is t ing  of  Severa l  Extrema1 Subarcs by the Gener- 
a l i z e d  Ne1.7ton-Raphson Algori thm" American Astronaut ical  Society,  Paper  
AAS 67-348,  1967. 
JOHNSON, G.W. and SHLTLL, N.W. "Optimal Guidance with Controllable Pro- 
p e l l a n t  Mass Flow Rate," I B M  Report CESD #009  December,  1967. 
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p e r  i t e r a t i o n .  A un ive r sa l  va r i ab le  fo rmula t ion  o f  t he  two-body problem 
with closed-form expressions for  the s ta te  t r a n s i t i o n  m a t r i x  is used.  This 
formulat ion was adapted i n  a novel  way t o  a v o i d  t h e  cumbersome computation 
o f  t h e  t h r e e  d i m e n s i o n a l  t e n s o r  o f  s e c o n d  p a r t i a l  d e r i v a t i v e s  o f  f i n a l  s ta te  
w i t h  r e s p e c t  t o  i n i t i a l  state t h a t  i s  r e q u i r e d  when comput ing  the  par t ia l  
d e r i v a t i v e  of f i n a l  c o s t a t e  w i t h  r e s p e c t  t o  i n i t i a l  state. 
(13) 
Since a l l  t h e  n e c e s s a r y  p a r t i a l  d e r i v a t i v e s  are a v a i l a b l e  a t  e a c h  i t e r a t i o n ,  
as was t h e  case f o r  t h e  o r i g i n a l  OPGUID, t h e  SWITCH a lgo r i thm is a p p r o p r i a t e  
f o r  computing real-time c o r r e c t i o n s  t o  i n - f l i g h t  p e r t u r b a t i o n s .  
Unl ike  the  OPGUID a lgor i thm,  the  SWITCH a lgor i thm does  requi re  reasonable  
i n i t i a l i z a t i o n .  T h a t  is, i t  is  n o t  p o s s i b l e  w i t h  SWITCH as i t  was wi th  
OPGUID t o  m i s a l i g n  t h e  t h r u s t  d i r e c t i o n  by 90 o r  180 degrees and re ta in  
convergence. However, rough estimates of  impulsive  solutions  have  proved 
more than  adequate as i n i t i a l i z a t i o n  i n  e v e r y  tr ial  case. Moreover,  deforma- 
t i o n  of t h e  d e s i r e d  m i s s i o n  c h a r a c t e r i s t i c s  by very large amounts - f o r  ex- 
ample a change i n  t h e  e c c e n t r i c i t y  o f  t h e  d e s t i n a t i o n  o r b i t  f r o m  0.0 t o  0.5 - 
has  been  successfu l  even  when i n i t i a l i z a t i o n  v a l u e s  were unchanged. This is 
ev idence  tha t  t he  SWITCH scheme would have a l a r g e  s a f e t y  m a r g i n  i n  i ts  a b i l i t y  
to  reconverge  guidance  so lu t ions  in  response  to  wors t -case  real-time perturba-  
t i o n s .  However, i t  rema ins  to  be  shown by v e h i c l e  f l i g h t  s i m u l a t i o n  tests t h a t  
t h e  SWITCH a lgor i thm possesses  the  speed  and  convergence  proper t ies  tha t  are nec- 
e s s a r y  f o r  real-time guidance.  Such a demonstration would represent a s i g n i -  
f i c a n t  a d v a n c e  s i n c e  p r e s e n t  real-time guidance schemes are not  capable  of  
r e v i s i n g  a n  e n t i r e  m u l t i b u r n  t r a j e c t o r y  i n  r e s p o n s e  t o  i n - f l i g h t  p e r t u r b a t i o n s ,  
bu t  can  only7 modify one burn arc a t  a time. 
(13) GOODYEAR, W. H. "Completely  General  Closed-Form  Solution  for  Coordinates 
and P a r t i a l  Derivatives of  the  Two-Body Problem," The Astronomical Journ- 
- a l ,  Vol. 70, No. 3, April ,  1965, pp. 189-192. 
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2. Formulation  of  the  Multi-burn  Optimization  Problem 
In this  section,  different  formulations  of  the  fuel  optimi- 
zation  problem  for  multiple-  burn  trajectories  are  considered. 
It is shown  that  certain  usual  idealizing  assumptions  lead  to 
an  ill-posed  optimization  problem  for  which  no  solution  exists, 
and  several  ways  are  discussed  for  avoiding  such  difficulties  by 
more  realistic  problem  statements. 
A r l  Idealized  Problem  Statement 
The  equations  of  space  vehicle  motion  in  a  central  gravitational 
field  may  be  expressed  as 
P = v  
2 . 1  
where  r  is  position,  v  is  velocity,  the  direction  of  the  unit 
vector  u/ I uI is  control,  c  is  the  exhaust  velocity of the  rocket 
engine  and & is  the  rate of change  of  vehicle  mass  due  to  pro- 
pellant  expenditure,  which  also  is  part of control  and  can  be 
chosen within the limits a 0. 
The  instantaneous  rate  of  cost, L, is to be -h; i.e. we  wish  to 
minimize  mass loss (or  maximize  final  mass), so,  letting  state  be 
x = (r,v,m)  and  costate  be p = aJ /ax = (q,s,w),  the  Hamiltonian  is 0 
2.2 H = L + p i =  T  T
r 
which  is  minimized  over  thrust  direction  if  and  only  if 
2 . 3  *=-* 
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2.4 
Letting S (the  switching  functi'on)  be (1 - w - cI s I /m) , we  have 
that 2.4 is  minimized  over in if in = a for S - < 0 ,  and in = 0 for 
s > 0. so 
2.5 0 H = SaU(-S) + q v - ~ ( s  r) T U T  
Irl 
where U is  a  unit  step  function, U ( x )  = 0 for X < 0 ,  and 
U ( x )  = 1 for x 2 0. The  costate  equations  are  easily  Seen  to  be 
2.6 Q = -q 
It immediately  follows  that  the  time  derivative  of  the  switching 
function  is  independent  of in, or 
2.7 s = - - -Is1 c d  m dt 
We  have  already  incorporated  two  idealizing  assumptions  that  are 
conventional: 
(i)  Apart  from  thrust  acceleration,  motion  is  Keplerian;  hence 
usually  periodic. 
(ii)  Thrust  is  truly  proportional  to  mass  rate;  hence,  mass l o s s  
is  zero  when  thrust  acceleration  is  zero. 
We  now  add  two  more  assumptions: 
(iii) No terminal  constraint  is  time-dependent. 
(iv)  There  is  no  limit  on  (or  penalty  for)  the  number  of  separate 
coasts  or  burns. 
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Taken together ,   assumptions (i) - (iv) p r e c l u d e  t h e  p o s s i b i l i t y  
o f  g l o b a l l y  o p t i m a l  s o l u t i o n  t r a j e c t o r i e s  f o r  most  missions. We 
can see phis  by arguing from the necessary condi t ions of  opt i -  
mal i ty .   F i r s t ,   observe   tha t   assumpt ion  (iii) i m p l i e s   t h a t   t h e  
Hamiltonian H g  0. Second,   observe   tha t   i f  w e  cons ide r  t he  vec to r  
p' = (q , s ,w-1 )  , ' - t hen  a l t e r ing  the  cos t a t e  vec to r  by mul t ip ly ing  
p'  by any p o s i t i v e  scalar k d o e s  n o t  a f f e c t  t h e  r e s u l t i n g  trajec- 
tory   o r   any   of   the   necessary   condi t ions .   Therefore ,   o f   the   seven  
degrees  of  f reedom avai lab le  in  choos ing  the  cos ta te  vec tor  p ,  
only 5 degrees of freedom are u s a b l e - f o r  s e l e c t i n g  d i f f e r e n t  o p t i -  
m a l  t r a j e c t o r i e s .   C l e a r l y ,   g i v e n   a n   i n i t i a l  state x a l l  t h e s e  
5 degrees of freedom plus the freedom of choice of terminal time, 
t f ,  are needed in  o rde r  fo r  t he  p rob lem o f  r each ing  a p resc r ibed  
p o s i t i o n  and ve lod i ty  r , v  to  be  even  loca l ly  we l l -posed .  We s h a l l  
see, however,   using  our  assumptions  ( i)  - ( i v ) ,  t h a t  t r u e  o p t i m a l i t y  
would impose s t i l l  fur ther  requi rements  on  the  cos ta te  vec tor  p s o  
tha t  fewer  than  5 degrees of f r e e d o n :  a r e  a c t u a l l y  a v a i l a b l e  i n  c h o i c e  
of   costate .   Suppose  there  i s  a f u e l  o p t i m a l  t r a j e c t o r y  f o r  t r a n s f e r  
from an o r i g i n a l  o r b i t  t o  a g i v e n  d e s t i n a t i o n  o r b i t .  L e t  r,v,m be 
any s ta te  on t h i s  o p t i m a l  t r a j e c t o r y  a t  which the switching funct ion 
S i s  negat ive.  We suppose,  by  assumption ( i ) ,   t h a t   r , v   d e f i n e   a n  
e l l i p t i c a l  ( o r  c i r c u l a r )  o r b i t .  L e t  r ' , v '   b e  any o t h e r   p o s i t i o n  and 
v e l o c i t y  on t h a t  e l l i p t i c a l  o r b i t .  S t a r t i n g  from r ' ,v ' ,m,  an optimal  
maneuver f o r  r e a c h i n g  t h e  g i v e n  d e s t i n a t i o n  o r b i t  must be simply to 
coas t  a round  to  r , v  and then fol low the or iginal  opt imal  maneuvers  
from t h a t  p o i n t  o n .  F o r ,  i f  t h e r e  were a cheaper  maneuver, i t  could 
have been combined with the f i r s t  p a r t  o f  t he  o r ig ina l  op t ima l  tra- 
j e c t o r y  t o  r , v , m  p l u s  a c o a s t  t o  r ' , v ' , m ,  t h u s  o b t a i n i n g  a b e t t e r  s o l u -  
t i o n  t o  t h e  o r i g i n a l  p r o b l e m .  Now t h i s  maneuver  of coasting  from r ' ,  
v ' ,  m t o  r , v ,m and  fo l lowing  the  o ld  t r a j ec to ry  the rea f t e r ,  be ing  
op t ima l ,   mus t   i t s e l f   s a t i s fy   t he   necessa ry   cond i t ions  2 . 1  - 2.6. It 
can  be  eas i ly  ve r i f i ed ,  however ,  t ha t  any  such  t ra jec tory  agree ing  
w i t h  t h e  o r i g i n a l  t r a j e c t o r y  d u r i n g  a burn and a t  least  one switching 
po in t  (po in t  a t  which S = 0 ) ,  mus t  agree  exac t ly  even i n  c o s t a t e  w i t h  
t h e  o r i g i n a l  t r a j e c t o r y  ( a p a r t  from a p o s i t i v e  scalar m u l t i p l i c a t i o n  
of t h e  v e c t o r  (q , s  ,w-l)]. This i s  a contradict ion,  because on.  the 
new t r a j e c t o r y  w e  must have S = 0 a t  r,v,m whereas w e  supposed that  S 
0' 
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was n e g a t i v e  o n  t h e  o r i g i n a l  t r a j e c t o r y  a t  t h a t  p o i n t .  The 
only way ou t  o f  t he  con t r ad ic t ion  i s  t o  s u p p o s e  e i t h e r  t h a t  t h e  
o r i g i n a l  t r a j e c t o r y  w a s  n o t ,  i n  f a c t ,  o p t i m a l  a f t e r  a l l  o r  t h a t  
S is n e v e r  n e g a t i v e  a l o n g  a n  o p t i m a l  t r a j e c t o r y .  I n  t h e  la t ter  
case, S must e i the r  be  a lways  pos i t i ve  (no  bu rns  a t  a l l ) ,  o r  by 
2.7, w e  must  have S = 0 whenever S = 0. But t h i s  la t ter  requirement,  
aga in  by 2.7, clearly removes a t  least one degree of freedom from 
t h e  a v a i l a b l e  c h o i c e s  of c o s t a t e .  
A more d i r e c t  way of  see ing  the  typ ica l  nonexis tence  of  mass opt imal  
t r a j ec to r i e s  unde r  a s sumpt ions  ( i )  - ( i v )  i s  a v a i l a b l e  i f  w e  accep t  
two lemmas. Lemma 1: given   an   op t imal   impuls ive   so lu t ion   to   an  
o r b i t a l  t r a n s f e r  p r o b l e m ,  t h e r e  i s  no f i n i t e  b u r n  maneuver wi th  as 
low a c o s t .  Lemma 2: s u f f i c i e n t l y  small single-impulse  maneuvers 
are a p p r o a c h e d  a r b i t r a r i l y  c l o s e l y  i n  c o s t  by t h e  b e s t  s i n g l e  f i n i t e  
burn ,  s ing le-coas t  maneuvers  for  achiev ing  the  same orb i t  change .  
Both  of t h e s e  lemmas are e a s i l y  v e r i f i e d  from  Robbins(14). We can 
e a s i l y  s e e ,  s i n c e  any impulse can be broken up i n t o  a l a r g e  number  of 
very small impulses ,  tha t  lemma 2 i m p l i e s  t h a t  any  one-impulse t r a n s f e r  
between e l l i p t i c a l  o r b i t s  c a n  b e  matched a r b i t r a r i l y  c l o s e l y  i n  c o s t  
by a s u f f i c i e n t l y  l a r g e  number  of f i n i t e  b u r n s  and c o a s t s .  T h i s ,  i n  
t u rn ,  t oge the r  w i th  lemma 1 show tha t  the  cos t  o f  an  opt imal  impuls ive  
maneuver must b e  a grea tes t  lower  bound of t h e  set  of a l l  ach ievab le  
f i n i t e  b u r n  c o s t s ,  b u t  n o t  i t se l f  a member of t h a t  set. 
Realistic Problem Statements 
The  main r e s u l t  of  assumptions  ( i)  - ( i v )  t h a t  l e a d s  t o  n o n e x i s t e n c e  
o f  o p t i m s l  t r a j e c t o r i e s  i s  t h a t ,  a t  a n y  p o i n t  i n  a t r a j e c t o r y ,  one  can 
i n s e r t  a coas t  o f  a rb i t r a ry  du ra t ion  wi thou t  i nc reas ing  the  cos t  of t h a t  
. .  
(14) H.M. ROBBINS. "An Analy t ica l   S tudy  of the  Impulsive  Approximation," 
AIAA J o u r n a l ,  Vol. 4, No. 8, pp.  1417-1423,  August, 1966. 
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t r a j e c t o r y  a t  a l l .  I f  t h e r e  were a f i x e d  t e r m i n a l  time by  which 
t h e  maneuver had to  be  comple ted ,  o r  a p e n a l t y  f o r  r e s t a r t i n g  t h e  
rocke t  eng ine ,  o r  a nonzero rate o f  cos t  du r ing  coas t s ,  t hen  the re  
would b e  a l i m i t  t o  how f a r  t h e  e x p e d i e n t  of i n s e r t i n g  c o a s t s  c o u l d  
be   pushed .   In   p rac t i ca l   o rb i t a l   t r ans fe r   mi s s ions ,   o f   cou r se ,   t he re  
are e i t h e r  t i m e  limits o r  eng ine  resrart p e n a l t i e s  o r  c o a s t  d u r a t i o n  
pena l t i e s .   Fo r   example ,   ex i s t ing   rocke t   eng ines   ac tua l ly   l o se  a 
small amount  of mass per  second,  even during coasts ,  through vent ing 
of vapor i zed  p rope l l an t .  Also,  astronauts  and  even  on-board  equip- 
ment  such as f l i g h t  computers  and te lemetry electronics ,  can funct ion 
i n  s p a c e  o n l y  f o r  l i m i t e d  times. There i s  a l s o  a p e n a l t y  f o r  restart- 
ing  and  s topping  the  rocket   engine.   In   fact ,   even  assumption  ( i )  i s  
n o t  p r e c i s e l y  s a t i s f i e d  b e c a u s e  p e r t u r b a t i o n s  d u e  t o  e a r t h  o b l a t e n e s s ,  
t h f r d  body e f f e c t s ,  s o l a r  w i n d ,  a n d  o t h e r  f l i g h t  p e r t u r b a t i o n s  c a u s e  
the  mot ion  to  be  no t  p rec i se ly  pe r iod ic ,  a l though  i t  i s  very  near ly  
so .  I t  would ,   however ,   be   ex t remely   d i f f icu l t   and   a l so   unsa t i s fac tory  
t o  t r y  t o  o b t a i n  a unique  so lu t ion  only  on t h e  s t r e n g t h  of t h e s e  s l i g h t  
depa r tu re s  f rom pe r iod ic i ty .  
There are t h r e e  a t t r a c t i v e  a l t e r n a t i v e s  f o r  c h a n g i n g  t h e  p r o b l e m  
d e f i n i t i o n  s o  t h a t a u n i q u e  optimum w i l l  e x i s t :  a )  t o  impose a termi- 
n a l  time cons t r a in t ,  b )  t o  impose  a l i m i t  on t h e  number  of engine 
restarts, o r  c )  t o  i n c o r p o r a t e  a non-zero  (and  non-negligible)  rate 
of cos t  du r ing  coas t s .  Any one  of t h e s e  a l t e r n a t i v e s  would  be a s u f f i -  
c i en t  dev ice  and may be genuinely appropriate  depending on the mission 
being  analyzed. It i s  impor t an t   t o   obse rve   t ha t   t he   so lu t ions   g iven  by 
a l t e r n a t i v e  a )  and the  so lu t ions  g iven  by a l t e r n a t i v e  c )  f o r m  t h e  same 
class of t r a j e c t o r i e s .  F o r  c o n s i d e r  a so lu t ion  g iven  by a l t e r n a t i v e  a ) .  
The necessa ry  cond i t ions  fo r  op t ima l i ty  are as be fo re  excep t  t ha t  t he  
Hamiltonian H is not  zero,  a l though i t  is, of course,  a cons tan t  a long  
t h e  t r a j e c t o r y .  I t  c a n  b e  a r g u e d  t h a t  i n  t h i s  case the  cons t an t  H must 
b e  n e g a t i v e ,  s o  l e t  Lo ( a  p o s i t i v e  number) be -H. I f  w e  now consider  L 
t o  b e  a rate of c o s t  t h a t  is  independent of thrust ,  and remove t h e  t i m e  
c o n s t r a i n t  , w e  g e t  t h e  same s o l u t i o n  b u t  t o  a d i f f e r e n t  problem:  the 
0 
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problem of o p t i m i z i n g  o v e r  f r e e  t e r m i n a l  t i m e  i n  t h e  p r e s e n c e  of 
an added  constant rate o f   c o s t   e q u a l   t o  L So, i n s o f a r .  as t h e  
ma themat i ca l  na tu re  o f  t he  so lu t ion  is concerned, i t  makes no 
d i f f e r e n c e  i f  w e  u s e  a l t e r n a t i v e  a )  o r  a l t e r n a t i v e  c).  A l t e r n a t i v e  
b ) ,  however ,  g ives  so lu t ions  tha t  are n o t  a l s o  s o l u t i o n s  t o  p r o b l e m s  
i n v o l v i n g  a l t e r n a t i v e s  a) o r  c ) .  I n  f a c t ,  we can see t h a t  s o l u t i o n s  
given by a l t e r n a t i v e  b )  must s a t i s f y  a l l  o f  ou r  o r ig ina l  necessa ry  
condi t ions  2 .1  - 2.6 p l u s  t h e  c o n d i t i o n  t h a t  H E 0. For  these  necessary  
condi t ions  can  be  deduced  us ing  only  the  assumpt ion  tha t  each  swi tch-  
i n g  time ( t h a t  i s ,  time a t  which the engine i s  s t a r t e d  o r  s t o p p e d )  
i s  o p t i m i z e d  r e l a t i v e  t o  t h e  rest of t h e  t r a j e c t o r y  and t h a t  t h e  
t r a j e c t o r y  t h r u s t  d i r e c t i o n  h i s t o r y  i s  opt imized re la t ive t o  t h e  
swi tch ing  times. However, a l t e r n a t i v e  b )  c a n  b e  made to   approach 
a l t e r n a t i v e  c )  w h i l e  h o l d i n g  t h e  time pena l ty  L f i x e d  by i n c r e a s i n g  
t h r u s t  levels. Thus f o r   h i g h   t h r u s t   m i s s i o n s ,   a l t e r n a t i v e s   a ) , b ) ,   a n d  




I t  should be recognized that  even when w e  r e so lve  the  bas i c  p rob lem 
of  non-exis tence  of  g loba l  op t ima by  changing  the  problem def in i t ion  
a c c o r d i n g  t o  a l t e r n a t i v e  a ) ,  b ) ,  o r  c ) ,  some r e s u l t s  of t h e  o r i g i n a l  
i l l - c o n d i t i o n i n g  are s t i l l  important .  We know  now t h a t  s i n c e  e v e r y  
t r a j e c t o r y  t h a t  i s  fue l -op t ima l  w i th  r e spec t  t o  the  cho ice  of  each  of 
a f i x e d  number of  switching times s a t i s f i e s  t h e  n e c e s s a r y  c o n d i t i o n s  
2 . 1  - 2.6 ,  there  must be  an  . i n f in i t e  p rogres s ion  o f  so lu t ions  to  the  
boundary value problem a l l  s a t i s f y i n g  2 . 1  - 2.6, and each one cheaper 
than  the  l as t .  L e t  p l , p  2 , . . .  be  a corresponding progression of  normalized 
i n i t i a l  c o s t a t e  v e c t o r s  (pi = t h e  r e s u l t  o f  d i v i d i n g  pi by i t s  own magni- 
t ude ) .   S ince   t he   space   o f   no rma l i zed   cos t a t e  i s  closed  and  bounded, i t  
f o l l o w s   t h a t   t h i s   s p a c e   c o n t a i n s  a l i m i t  p o i n t  p,. Now consider   the  func-  
t i o n  x ( t )  = g ( t , p )  d e f i n e d  as t h e  r e s u l t  o f  p r o p a g a t i n g  i n i t i a l  s t a t e  
f o r w a r d  i n  time t o  time t from i n i t i a l  s t a t e  x a t  to u s i n g  i n i t i a l  
normal ized  cos ta te  = p .  
0 
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It is  clear t h a t  i n  t h e  v i c i n i t y  of p, some func t ions  of  the  
t r a j ec to ry  ( e .g .  i ts  dura t ion )  become a r b i t r a r i l y  s e n s i t i v e  t o  
small v a r i a t i o n s  i n  p .  Such  unbounded s e n s i t i v i t i e s  would  be 
a s e r i o u s  h a z a r d  t o  a n y  i t e r a t i v e  scheme fo r  ob ta in ing  numer i ca l  
so lu t ions ,  whe the r  t o  the  p rob lem de f in i t i on  g iven  by  alternative 
a ) ,  b )  o r  c ) .  It is des i r ab le  to  choose  an approach  under  which 
the  procedure  searches  over  a set of  independent  var iables  such 
t h a t  e i t h e r  t h e  d e p e n d e n t  v a r i a b l e s  are neve r  ex t r eme ly  sens i t i ve  
t o  t h e  i n d e p e n d e n t  v a r i a b l e s  and conversely or  the nature  of  the 
sea rch  conf ines  the  independen t  va r i ab le s  to  a "safe"  reg ion  wi th in  
w h i c h  e x t r e m e  s e n s i t i v i t i e s  i n  e i t h e r  d i r e c t i o n  are avoided. It is 
evident ,  however ,  that  no choice of the independent,  and dependent,  
v a r i a b l e s  f o r  t h e  s e a r c h  c a n  a v o i d  e x t r e m e  s e n s i t i v i t i e s  u n l e s s  t h e  
range of va lues  o f  t he  va r i ab le s  is conf ined  to  a region which ex- 
c l u d e s  t r a j e c t o r i e s  f o r  which p is  near p,. 
Alterna t ive  b)  has  the  advantage  tha t  a s i m p l e  and i n t u i t i v e l y  mean- 
i n g f u l  c o n s t r a i n t  of l i m i t i n g  t h e  number of b u r n s  t o  two, o r ,  i n  some 
cases, three ,  can  be  appl ied  to  each  ind iv idua l  i t e r a t e  i n  t h e  s e a r c h  
so  tha t  t he  r ange  o f  va lues  of the independent and dependent variables 
au tomat ica l ly  exc ludes  by a l a rge  marg in  the  v i c in i ty  of 
t r a j ec to r i e s   co r re spond ing   t o  p near p,. There is a l s o  a d i s t i n c t  
a d v a n t a g e  f o r  t h e  l o g i c a l  s t r u c t u r e  of an implemented algorithm for 
numer ica l  so lu t ion  of problem b) i n  t h a t  t h e  number of switching 
p o i n t s  i s  f ixed ,  . i n s t ead  of v a r y i n g  f r o m  i t e r a t e  t o  i t e r a t e  as i t  
would  under a l t e r n a t i v e s  a )  and c) .   S ince   bo th   these   advantages   car ry  
real weight from a p r a c t i c a l  p o i n t  of view, w e  have  adop ted  a l t e rna t ive  
b) as the   p refer red   approach .  However, i f  f o r  any  reason  an  implementa- 
t i o n  of a l t e r n a t i v e  a) o r  c) i s  des i red ,  mos t  of  the  cur ren t  a lgor i thm 
would be t ransferable  without  modif icat ion to  the revised problem. 
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Thus the  p rob lem to  be  so lved  cons i s t s  o f  f i nd ing  a sequence of 
bu rns  and  coas t s  t ha t  ach ieves  the  des i r ed  o rb i t  w i th  minimum 
f u e l  s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  t h e  number of  separa te  burns  
is l i m i t e d  t o  k, where k is  u s u a l l y  two,  sometimes  three.  In some 
cases, i t  is  d e s i r e d  t o  p e r m i t  a n  i n i t i a l  c o a s t  p r i o r  t o  t h e  f i r s t  
burn as well as one c o a s t  a f t e r  e a c h  b u r n .  I n  c e r t a i n  o t h e r  cases 
(such as c i r c u l a r  t o  c i r c u l a r  c o p l a n a r  m i s s i o n s )  t h e  i n i t i a l  c o a s t  
is no t  pe rmi t t ed  s ince  i ts  l e n g t h  would be  inde termina te  under  the  
necessary   condi t ions  . 
3. I t e r a t i v e  S o l u t i o n  of t h e  Boundary  Value  Problem 
I n  s e c t i o n  2 ,  both dynamical necessary conditions and necessary 
boundary conditions were d i scussed  fo r  s eve ra l  poss ib l e  mul t i -bu rn  
op t imiza t ion   p rob lems .   In   t h i s   s ec t ion ,  a method is d e s c r i b e d  i n  de- 
t a i l  for  the  numer ica l  so lu t ion  of  one  of these boundary value prob- 
lems. The p a r t i c u l a r   p r o b l e m   c h o s e n ,   c a l l e d   a l t e r n a t i v e   b )   i n  sec- 
t i o n  2 ,  r equ i r e s  t ha t  t r a j ec to ry  wh ich  ach ieves  the  des i r ed  o rb i t  (o r  
o r b i t a l  c h a r a c t e r i s t i c s )  w i t h  minimum f u e l  e x p e n d i t u r e  s u b j e c t  t o  a 
l i m i t  on t h e  t o t a l  number of separate burn arcs. 
The sequence of burns and coas t s  of t h e  d e s i r e d  t r a j e c t o r y  is p a r t i a l l y  
prescribed  in  advance as p a r t  of the  problem  statement. The number of 
s epa ra t e  bu rn  a rc s  may be  chosen, and t h e  i n i t i a l  a r c  may be designated 
as a burn  o r  a coas t .  I n  a fundamental  sense,  a g e n u i n e  o r b i t  t r a n s f e r  
problem which begins a t  a p r e s c r i b e d  p o s i t i o n  a n d  v e l o c i t y ,  r e q u i r e s  a n  
i n i t i a l  c o a s t  arc  i n  o r d e r  t o  b e  f u e l - o p t i m a l .  But two important cases 
e x i s t  i n  w h i c h  t h e  i n i t i a l  c o a s t  must b e  s u p p r e s s e d .  F i r s t ,  i n  t h e  case 
of a c i r c u l a r  t o  c i r c u l a r  c o p l a n a r  m i s s i o n ,  t h e  l e n g t h  o f  a n  i n i t i a l  c o a s t  
would be completely arbi t rary i n  t h e  s e n s e  t h a t  a l l  i n i t i a l  c o a s t  d u r a t i o n s  
are equal ly   compat ible   with  fuel   opt imal i ty .   Second,   there  are cases i n  
which  miss ion  geometry  cons t ra in ts  prec lude  an  opt imal  in i t ia l  coas t  because  
i t  would r e s u l t  i n  a f a l l  i n to  the  lower  a tmosphe re  o r  even  benea th  the  
e a r t h ' s  s u r f a c e .  
For  purposes  of  specifying precisely the independent  and dependent  var iables  
o f  t h e  i t e r a t i v e  scheme f o r  s o l u t i o n  of the boundary value problem, i t  is 
necessary  to  treat s e p a r a t e l y  t h e  case where an i n i t i a l  o p t i m a l  c o a s t  i s  
permit ted and the case where the t ra jectory is requ i r ed  to  beg in  wi th  a 
burn arc. L e t  t b e  t h e  i n i t i a l  epoch f o r  w h i c h   t h e   i n i t i a l   p o s i t i o n ,  
v e l o c i t y ,  and mass are g iven :   r ( t o )  = ro, v ( t o )  = vo, m ( t  ) = mo. L e t  n 
be  the  number of separate burn arcs (usua l ly  two o r  t h ree ) .  Then ,  fo r  a 
t r a j ec to ry  beg inn ing  wi th  a coas t  a r c ,  t he  swi t ch ing  times are t,, , = star t  
0 
0 
t h  
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of j th burn  and t = end of j bu rn   fo r  j = 1,. . . ,n.  Combining t h e  
2 j  
constancy of H w i t h  t h e  c o n d i t i o n  t h a t  S = 0 ,  w e  have, a t  each  swi tch ing  poin t ,  
by equa t ion  2 .5 ,  t he  cond i t ion  tha t  q v - us r /  1 r I = H. R e c a l l i n g  t h a t  t h i s  
same cond i t ion  is t h e  p r i n c i p a l  t r a n s v e r s a l i t y  c o n d i t i o n  i n  t h e  s i n g l e - b u r n  
case ,  w e  w i l l  c a l l  q v - us r /  Irl t h e  t r a n s v e r s a l i t y  v a r i a b l e  Tv and s o  write 
the  cond i t ions  as T v ( t . )  = H ,  i = 1, ..., 2n. Now th is  g ives  only  about  ha l f  
o f  the  ac tua l  necessary  condi t ions  a t  switching times, f o r  i t  i s  e a s i l y  s e e n  
from  2.1  and 2 . 6  t h a t  T v ( t )  is  iden t i ca l ly  cons t an t  a long  any  coas t  a r c ,  so  
i f   T v ( t  ) = H ,  i t  is a u t o m a t i c a l l y   t r u e   t h a t   T v ( t  ) = H a l s o .  However, 
addi t iona l  necessary  condi t ions  can  be  deduced  f rom the  fac t  tha t  the  swi tch-  
i n g  f u n c t i o n  S must be  zero  a t  the end of a c o a s t  as w e l l  as a t  the beginning;  
t hus  S (t2j+l ) - S ( t  .) = 0. Since S = 1 - w - c ( s l / m  and s i n c e  rh and hence 6 
are z e r o   d u r i n g   c o a s t s ,   t h i s   i m p l i e s   t h a t  I s  ( t  ) I - I s  ( t Z j )  I = 0. Thus w e  
ob ta in  the  fo l lowing  set  of 2n - 1 necessary  condi t ions  a t  intermediate  switch-  
i ng  po in t s :  
T T 3 
T T 
1 




The advan tage  o f  t h i s  s e t  of  condi t ions compared to  the more s t ra ight-  
forward  requi rement  tha t  H( t  ) = 0 and S ( t i )  = 0, i = l y . . . , 2 n  - 1 is 
t h a t  i t  becomes p o s s i b l e  t o  c o m p l e t e l y  d r o p  t h e  c o s t a t e  v a r i a b l e  w from 
a l l  equat ions.   For  w e  can  regard w as de f ined   by   t he   r equ i r emen t   t ha t  i 
S ( t . )  = 0 and  then a l l  necessa ry  cond i t ions  are implied by (a)  and 
1 
1 
(b) .  
Fo r  mis s ions  in  wh ich  the  t r a j ec to ry  is r e q u i r e d  t o  b e g i n  w i t h  a burn a rc ,  
t he   swi t ch ing   cond i t ions  are  a l t e r e d   i n   t h a t   t h e  t and t2j+l now r e q u i r e  
cond i t ions  appropr i a t e  t o  the  beg inn ing  and  end ing  o f  bu rn  arcs r e s p e c t i v e l y  
and i n  t h a t  t h e r e  i s  no necessary condi t ion appl ied a t  the  beginning  of  the  
f i r s t  b u r n .  Thus w e  have 2n - 2 condi t ions :  
2 j  
Observe that  w e  have one more switching condition on an n-burn mission 
beginning with a coas t  t han  on an n-burn mission beginning with a burn.  
T h i s  c o r r e s p o n d s  t o  t h e  f a c t  t h a t  when a n  i n i t i a l  c o a s t  i s  pe rmi t t ed ,  i t s  
d u r a t i o n  i s  an  added  var iab le  for  op t imiza t ion .  
I n  summary, w e  can view the boundary value problems as fo l lows:  
For a mission beginning with a coas t  arc:  F i n d  v a l u e s  f o r  t h e  s i x  com- 
p o n e n t s  o f  i n i t i a l  c o s t a t e  a n d  t h e  2n swi tch ing  times t ly . . . , t2n s u c h  t h a t  
t h e  r e s u l t  of  integrating  2.1  and  2.6  forward  from to t o  t s a t i s f i e s  s i x  
r i g h t  end  mission  condi t ions a t  t t h e  2n - 1 in te rmed ia t e   swi t ch ing  con- 




beginning with a burn arc:' F i n d  v a l u e s  f o r  t h e  s i x  components of i n i t i a l  
c o s t a t e  and t h e  2n - 1 switching times t s u c h  t h a t  t h e  r e s u l t s  
of in tegra t ion  2 .1  and  2.6 forward  from t t o  t2n-1 s a t i s f i e s  s i x  r i g h t  
end  miss ion  condi t ion ,  the  2n - 2 in te rmedia te  swi tch ing  poin t  condi t ion  
(a'), (b ' )  andi  the condi t ionlUol  = 1. 
1' 9t2n-1 
0 
To so lve  numer ica l ly  e i ther  of  these  problems,  w e  apply the multi-dimen- 
s i o n a l  Newton-method. L e t  t h e  s i x  components of I n i t i a l  c o s t a t e  and  the 
2n switching times b e  combined i n t o - a  v e c t o r  y of dimension 2n + 6 ,  and l e t  
t h e  s i x  c o n s t r a i n e d  r i g h t  end  va r i ab le s ,  t he  2n - 1 intermedia te  swi tch ing  
v a r i a b l e s  of ( a )  and (b) , and the var iable  luol  be combined i n t o  a 
v e c t o r  z of  dimension 2n + 6.  Then i f  z* is a v e c t o r  of d e s i r e d  v a l u e s  f o r  
t he  components of z ,  the  boundary  va lue  problem for  miss ions  wi th  in i t ia l  
c o a s t s  becomes the problem of finding a vec tor  zero  of  z* - z (y ) .  A similar 
d e f i n i t i o n  a p p l i e s  t o  t h e  p r o b l e m  when an i n i t i a l  b u r n  i s  r e q u i r e d  b u t  w i t h  z 
and y having dimension 2n + 5 i n s t e a d  of 2n + 6. 
The Newtonian i t e r a t i v e  s o l u t i o n  scheme is f a m i l i a r ;  s t a r t i n g  f r o m  a n  i n i t i a l  
guess y w e  ob ta in   success ive  estimates 
0, 
3.1 
where K i s  a scalar  between  zero  and  one.  When K is one,  the scheme is  a 
pure  Newton's  method; when K i s  less than  one,   the   adjustment  y - 
r ep resen t s   an   a t t empt   o   ob ta in  z = z + K(z* - zi) .   This  i s  o f t e n  i+l i 
u s e f u l  when z* - z would be too large a change i n  z to  correspond approxi-  
m a t e l y  l i n e a r l y  t o  a change i n  y. 
i+l Y i  
i 
I n  o r d e r  t o  b e  a b l e  t o  implement  3.1, i t  is necessa ry  to  be  ab le  to  compute 
the  vec to r  z (y )  and  the  ma t r ix3  z / ay  as f u n c t i o n s  of y .  I n  t h e  p r e s e n t  case 
t h i s  means t h e  a b i l i t y  t o  compute a t r a j e c t o r y  and i ts  f i r s t  v a r i a t i o n s  w i t h  
r e s p e c t  t o  i n i t i a l  c o s t a t e  and  the  switching times t . .  The t r a j e c t o r y  is 
computed as a sequence of burn arcs and coast  arcs, burn arcs being computed 
by numer i ca l  i n t eg ra t ion  of 2.1,  2.3, and 2.6, and coast arcs be ing  computed 
1 
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e x p l i c i t l y  by a method d i s c u s s e d  i n  s e c t i o n  4. F i r s t  v a r i a t i o n s  o f  b u r n  
and coast  arcs are computed concur ren t ly  wi th  the  arcs themselves. 
The method of i n t e g r a t i o n  u s e d  f o r  t h e  b u r n  arcs is  a fourth-order  
Runge-Kutta  scheme su i t ed  fo r  equa t ions  such  as 2.1  and  2.6  (and t h e  
a s soc ia t ed  equa t ions  o f  f i r s t  va r i a t ion )  wh ich  can  be  expres sed  as 
s e c o n d  o r d e r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  f i r s t  d e r i v a t i v e s  a b s e n t .  I n  
o r d e r  t o  estimate a n d  c o n t r o l  t r u n c a t i o n  e r r o r  by a l t e r i n g  s t e p  s i z e s ,  
a Richardson  ex t rapola t ion  method i s  used with a spec ia l  combina t ion  of 
Runge-Kutta s t e p s  c o n s i s t i n g  of t h r e e  s t e p s  of s i z e  h of i n t e g r a t i o n  of 
2 . 1  and  2.6 toge the r  w i th  one  ove r l app ing  s t ep  of s i z e  3h of i n t e g r a t i o n  
of  2.1,   2.6.   and  the  associated  equations of f i rs t  v a r i a t i o n .  The r e s u l t -  
i n g  scheme has  proved  very  e f f ic ien t  and  re l iab le  and  is d e s c r i b e d  i n  
f u l l  d e t a i l  i n  r e f e r e n c e  7. 
A spec ia l  cons ide ra t ion  tha t  dese rves  men t ion  in  connec t ion  wi th  the  
computation of a z / a y  i s  t h e  c o r r e c t  g e n e r a t i o n  of t hpse  columns of t h e  
m a t r i x  t h a t  r e p r e s e n t  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  s w i t c h i n g  times. 
It  i s  wel l  known t h a t   i f  w e  have a vec to r  sys t em of d i f f e r e n t i a l  e q u a t i o n s  
3 . 2  6 = f (a) 
t h e  p a r t i a l  d e r i v a t i v e  of t h e  s o l u t i o n  a ( t )  w i t h  r e s p e c t  t o  any v a r i a b l e  B 
on  which  the i n i t i a l  v a l u e  a depends ,  sa t i s fy  the  equat ions  
0 
3.3 
and t h e  i n i t i a l  c o n d i t i o n ,  when t does  not   i tsel f   depend  on B ,  i s  
0 
3.4 
The problem of computing a z h y  f o r  p u r p o s e s  o f  t h e  i t e r a t i o n  3 . 1  c o n s i s t s  
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;mainly of d e t e r m i n i n g  t h e  p a r t i a l  d e r i v a t i v e s  of such a v e c t o r  CY 
c o n s i s t i n g  of both s t a t e  and c o s t a t e ,  w i t h  r e s p e c t  t o  t h e  components 
of y ,  and  th i s  i s  accomplished by solving 3.3 e x p l i c i t l y  on c o a s t  
arcs and  numerically  on  burn arcs. But i n  t h e  case of those compon- 
e n t s  of y t h a t  are switching times t t h e  i n i t i a l  c o n d i t i o n  is mot 3 . 4  
as usua l .   I n s t ead   t he   cond i t ion  is as fol lows:  
i’ 
3.5 
To a p p r e c i a t e  t h i s ,  i t  i s  s u f f i c i e n t  t o  o b s e r v e  t h a t  s i n c e  w h a t  is 
d e s i r e d  i s  t h e  i n i t i a l  v a l u e  o f  t he  ( con t inuous )  so lu t ion  to  a d i f f e r e n -  
t i a l  equa t ion  ( 3 . 3 ) ,  w e  r e a l l y  want 
3.6 
which,   under   the  assumption  that  & = fl(cl)  before t and & = f (a) a f t e r  ti, 
g ives  the  fo l lowing  r e l a t ion  be tween  a a t  time t s h o r t l y  af ter  t and c1 a t  
t i m e  T s h o r t l y  b e f o r e  ti 
i 2 
i 
where  E1€(T, t i )   and  E2€(t iYt) .   Different ia t ion of 3 . 7  w i t h  r e s p e c t  t o  ti 
y i e l d s  
3.8 a ti = f l (a(El))  - f,(a(c2)) + O(ti - T) + O(t - t i )  
which i n   t h e  limit as T + ti- and t + t.+ g ives  3 . 5 .  1 
4 .  Eff i c i en t   Coas t  Arc Computations 
The computa t ions  requi red  for  burn  arcs of the mult i -burn SWITCH 
a lgo r i thm are e s s e n t i a l l y  t h e  same as those  of t h e  OPGUID algori thm, 
fo r  s ing le  bu rn  a rc  mis s ions .  The chief remaining computational 
- 17- 
s e c t i o n  of  the  a lgor i thm is that  which updates  state, c o s t a t e ,  a n d  t h e i r  
p a r t i a l  d e r i v a t i v e s  a l o n g  a c o a s t  arc. C o n s i d e r a b l e  e f f o r t  w a s  ex- 
pended i n  p l a n n i n g  t h e s e  c o m p u t a t i o n s  i n  o r d e r  t o  t a k e  f u l l  a d v a n t a g e  
of the computational economies offered by the known e f f i c i en t  ( s emi - )  
e x p l i c i t  schemes f o r  computing s ta te  and i ts  p a r t i a l  d e r i v a t i v e s  a l o n g  
coas t  a r c s .  Af t e r  ex tended  ana lys i s ,  i t  was found  tha t   cos ta te   and  
i t s  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  t o  i n i t i a l  c o s t a t e  and s ta te  
could be computed easily using the corresponding computations for state 
and i t s  p a r t i a l s .  
For each coast ,  w e  need values of r ,  v ,  u ,  and 6 (where u = - s )  a t  
the end of a c o a s t  g i v e n  t h e i r  v a l u e s  a t  the beginning and given the 
d u r a t i o n  i n  time of t h e  c o a s t .  We r e q u i r e  i n  a d d i t i o n  t h e  p a r t i a l  
d e r i v a t i v e s  o f  t h e  f i n a l  v a l u e s  w i t h  r e s p e c t  t o  t h e  i n i t i a l  v a l u e s  s i n c e  
t h e s e  p a r t i a l  d e r i v a t i v e s  form a n e c e s s a r y  l i n k  i n  t h e  c h a i n  of  computa- 
t i o n s  l e a d i n g  u l t i m a t e l y  t o  t h e  p a r t i a l  d e r i v a t i v e s  o f  a l l  the dependent 
va r i ab le s  o f  t he  boundary  va lue  sea rch ,  desc r ibed  in  sec t ion  3 , wi th  
respec t   to   the   independent   var iab les .   For   purposes   o f   the   coas t   a rc  
computations w e  can ignore m and w b e c a u s e  t h e i r  f i n a l  v a l u e s  are simply 
e q u a l  t o  t h e i r  i n i t i a l  v a l u e s  a n d  n e i t h e r  m nor w a p p e a r s  i n  t h e  d i f f e r -  




It  tu rns  ou t  t o  be  conven ien t  i n  wha t  fo l lows  to  de f ine  s t a t e  x as ( r , f )  
and  (modified)  costate y as (u ,G) ,  even  though  the  cos t a t e  t ha t  f a l l s  
ou t  d i r ec t ly  f rom the  ca l cu lus  o f  va r i a t ions  o r  t he  maximum p r i n c i p l e  
i s  P = (;,-u).  The  advantage  of y over p is t h a t  i t  b e a r s   s i g n i f i c a n t l y  
s i m p l e r  r e l a t i o n s  t o  s ta te  x. 
Completely general  closed-form solutions are well-known for  the  propa-  
g a t i o n  of s t a t e  x accord ing  to  4.1 and for  the corresponding computat ion 
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of  the state t r a n s i t i o n  m a t r i x 3  x ( t ) b  x ( t o ) .  A good formulat ion is 
Goodyear ‘ s which bases a l l  computations on a g i v e n  i n i t i a l  v a l u e  
f o r  s ta te  x and a time i n t e r v a l  t - t . What w e  need  beyond  what 
Goodyear’s o r  o t h e r  u s u a l  f o r m u l a t i o n s  g i v e  are t h e s e  a d d i t i o n a l  s i x  
by s i x  matrices: a y ( t ) b   y ( t o . )  , a y ( t ) b   x ( t o )  , and a x ( t ) b   y ( t o ) .  Now, 
s i n c e  k is independent of y along a c o a s t ,  w e  can see immediately that 
t h e  l a s t  of  these  matrices vanishes .  
(13) 
0 0 
F i r s t  w e  o b s e r v e  t h a t  i f  w e  write 4.2 as a d i f f e r e n t i a l  e q u a t i o n  f o r  
the  whole  (modi f ied)  cos ta te  vec tor  y, w e  o b t a i n  
\ 
d 
d t  
4 . 4  - Y ( t >  = 
Hence t h e   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   m a t r i c e s   a y ( t ) / a   y ( t  0 ) and 
a x ( t ) / a  x ( t o )  are t h e  same 
4.5 
Since both s t a t e  and c o s t a t e  t r a n s i t i o n  matrices must be i n i t i a l l y  
e q u a l  t o  t h e  6 x 6 i d e n t i t y  m a t r i x  16¶ w e  o b t a i n  
4 . 6  
A u s e f u l  p r o p e r t y  o f  t h e  m a t r i x  $ ( t  , t o )  is the  symplec t ic  proper ty  
which may b e   w r i t t e n :  
4.7 O ( t . t o >   J 9 ( t , t o >  = J T 
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where 
4 . 8  J =  
- 
O3 I3 
-I - 3 O3 
This  proper ty  may be  der ived  by  observ ing  tha t  4.7 h o l d s  t r i v i a l l y  
a t  t S h &  +(toyto) = I6 and by w r i t i n g  o u t  
0 
and  no t i c ing  tha t  i t  vanishes .  The symplec t ic  proper ty  i s  p r i n c i p a l l y  
u s e f u l   i n   o b t a i n i n g   $ ( t , t  ) = + ( t o , t )   f o r ,  by 4.7 and 4 .  -1 
0 
4.9 
which is a s i m p l e  rearrangement  (with some changes of sign) of 
t h e  e l e m e n t s  o f  + ( t , t o )  i t s e l f .  
Now s i n c e  f is l i n e a r  homogeneous i n  y ,  y ( t )  = a y ( t ) / a  y ( t o )  y ( t o )  i. e. 
The remaining matrix to be computed, a y ( t ) b   x ( t  ) i s  most d i r e c t l y  
expressable  f rom 4.10; thus 
0 
4.11 
This equation would be very cumbersome t o  e v a l u a t e  d i r e c t l y  b e c a u s e  
of t h e  6 x 6 x 6 t e n s o r  of s e c o n d  p a r t i a l  d e r i v a t i v e s  
- 20- 
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But, by equation 4.12, 4.11 can b e  reyritten thus: 
which can be   in ferpre ted  as the   l i nea r i zed  change d $ (t , t ) i n  
$ (t ,  to)ij due t o  a change i n  x dxo y (to). This   l inear ized  change 
d+ can be computed wi th  ve ry  s l igh t  added labor when $ i t s e l f  i s  
computed. 
o i j  
0’ 
This computation scheme has been implemented i n  a computer program which 
is much simpler than and about one h a l f  t h e  s i z e  of the only known ear l ier  
program f o r  e x p l i c i t  computation of s ta te ,  cos t a t e ,  and t h e i r  t r a n s i t i o n  matrices 
along a coast  arc . (15) 
5. Right End Conditions for Various Orbital  Missions 
Regardless of the kind of o r b i t  t r a n s f e r  m i s s i o n ,  t h e  l e f t  end boundary 
conditions are given by the  pos i t i on ,  ve loc i ty ,  and mass of the  vehic le  
a t  t h e  i n i t i a l  epoch t and the  intermediate  switching  point  conditions 
are as given i n  s e c t i o n  3 .  These  conditions leave, i n  each case, s ix  degrees  
of freedom remaining a t t h e  r i g h t  e n d ,  which must be eliminated by necessary 
cond i t ions  tha t  de f ine  the  pa r t i cu la r  k ind  of o rb i t  t r ans fe r  des i r ed .  When 
fewer than  s ix  condi t ions  def ine  the  des i red  charac te r  of the  des t ina t ion  
orbi t ,  supplementary t ransversal i ty  condi t ions,  requir ing that  the uncon- 
s t ra ined orbi t  parameters  be chosen opt imal ly ,  are added t o  make a t o t a l  of 
s i x  independent conditions. 
0’ 
The most basic  mission is defined by des i red  va lues  for  a complete set of 
f ive  o rb i t a l  cons t an t s ;  t ha t  i s ,  five independent functions of posit ion 
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a n d  v e l o c i t y  t h a t  are c o n s t a n t  i n  t h e  a b s e n c e  of th rus t .  There  cannot ,  
of course,  be any set of s ix  i n d e p e n d e n t  o r b i t a l  c o n s t a n t s  i n  t h i s  s e n s e ,  
f o r  t h a t  would imply t h a t  p o s i t i o n  and v e l o c i t y  are themselves  constant  
du r ing  unpowered f l i g h t .  Thus t h e  f i v e  o r b i t a l  c o n s t a n t  m i s s i o n  is t h e  
most f u l l y  d e f i n e d  o r b i t  t r a n s f e r  m i s s i o n  t h a t  d o e s  n o t  i n v o l v e  t h e  t i m e  
o r i g i n  o f  t h e  d e s t i n a t i o n  o r b i t .  F i v e  o r b i t a l  c o n s t a n t s  c o m p l e t e l y  d e t e r -  
mine  the  locus  of  the  orb i t ,  bu t  no t  the  absolu te  time a t  which any par- 
t i c u l a r  p o s i t i o n  i s  reached. 
The most b a s i c  s i x  c o n s t r a i n t  m i s s i o n  is rendezvous, which can be 
thought of as a m i s s i o n  i n  which f i v e  o r b i t a l  c o n s t a n t s  p l u s  t h e  time 
o r i g i n  o f  t h e  o r b i t  are s p e c i f i e d .  Thus not  only  the  complete  locus  of 
t h e  o r b i t  b u t  a l s o  t h e  l o c u s  as a f u n c t i o n  of a b s o l u t e  time i s  p resc r ibed .  
Also of i n t e r e s t  are s e v e r a l  m i s s i o n s  i n  w h i c h  f e w e r  t h a n  f i v e  o r b i t a l  
cons t an t s  are specif ied.   While  a f u l l  set of f i v e  o r b i t a l  c o n s t a n t s  de- 
f ines  comple te ly  the  p lane  of t h e  o r b i t  and t h e  s i z e ,  s h a p e ,  and o r i e n t a -  
t i o n  o f  t he  con ic  wi th in  tha t  p l ane ,  i t  is poss ib l e  wi th  f ewer  than  f ive  
o r b i t a l  c o n s t a n t s  t o  p r e s c r i b e  o n l y  p a r t  of the geometry of the orbit  and 
optimize over the remainder.  
where the s ta te  v e c t o r  x has  n > k components,  then optimality with 
r e s p e c t  t o  t h e  n - k remaining degrees of freedom i n  f i n a l  s t a t e  r e q u i r e s  t h a t  
the f i n a l  c o s t a t e  v e c t o r  p f  l i e  the space spanned by t h e  g r a d i e n t s  of t h e  
cons t ra ined  func t ions .  This  means t h a t  i f  n - k v e c t o r s  a i ( x ) ,  i = k + l , . . . , n ,  
can be found such that  the a, span  the  space  or thogonal  to  the  space  spanned  
I 
by t h e  g r a d i e n t s  a g i (x)  of  the  gi , then p must  be or thogonal  to  ai (x) , 
a x  f 
i = k + l , . . . , n .  I n  e q u a t i o n s ,  w e  have 
5.2 Pf 1 T a . ( x )  = 0 i = k + l , . . . , n  
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. . ... 
I 
and n = 6,  s o  only one vector a (x) is needed and i t  must 
t h e  g r a d i e n t  o f  e v e r y  o r b i t a l  c o n s t a n t .  By d e f i n i t i o n ,  a 
is a n  o r b i t a l  c o n s t a n t  j u s t  i n  case 
6 
5 . 4  
where ir is  computed f o r  unpowered f l i g h t ,  
5 . 5  
Therefore  i t  i s  immediate that one vector a (x) t h a t  w i l l  
t h e  g a r e  a l l  o r b i t a l  c o n s t a n t s  is 
6 
i 
be  or thogonal  to  
f u n c t i o n  gi (x) 
s a t i s f y  5 . 3  when 
5.6 
T 
a6(x)  = ( v ,  - x) 
l r 1 3  
Thus t h e  t r a n s v e r s a l i t y  c o n d i t i o n  5 . 2  f o r  t h i s  m i s s i o n  c a n  b e  w r i t t e n  as 
5.7 
which w i l l  be recognized as the  same as the switching condi t ion which w a s  
a p p l i e d  a t  t h e  end of  an intermediate  burn during the t ra jectory,  now app l i ed  
a l s o  t o  t h e  end  of t he  l a s t  burn.  That is, 5.7 i s  e q u i v a l e n t  t o  
5 . 8  T v ( t f )  = 0 
The f ive  cons t r a ined  func t ions  g . (x )  can  be  expres sed  in  va r ious  equ iva len t  
ways,   but  probably  the s i m p l e s t  formulat ion i s  t h i s :  L e t  h = rxv  be  the 
a n g u l a r  v e l o c i t y  v e c t o r  and l e t  e = -[m + T] be  the ' leccent r ic i ty  
vector ' '  whose magnitude is e c c e n t r i c i t y  and  whose d i r e c t i o n  is t h e  d i r e c t i o n  






g3(x) = h 3 - h3* 
g4(x) = e 1 - el* 
g5(x) = e - e2* 2 
where f r * t r  means "desired value of  .It 
It is  e a s y  t o  v e r i f y  t h a t  t h e s e  f i v e  f u n c t i o n s  g . ( x )  are independent and 
uniquely  def ine  the values  of  a l l  o r b i t a l  c o n s t a n t s  e x c e p t  i n  t h e  i s o l a t e d  
1 
case where h (x) = 0,  which 
axes .   Accord ingly ,   the   s ix  
constant missions have been 
5.9. 
3 may be accommodated  by r eo rde r ing  the  coord ina te  
r i g h t  end c o n d i t i o n s  f o r  t h e  b a s i c  f i v e  o r b i t a l  
implemented as 5 .7  and 5 . 1  f o r  . g . ( x )  d e f i n e d  i n  
1 
Right  end  condi t ims  for  the  rendezvous  miss ion  are easier to  formula te  but  
s l i g h t l y  h a r d e r  t o  implement. We r e q u i r e  t h a t  a t  the  end  of  the last burn,  
a t  t t h e  p o s i t i o n  and ve loc i ty  o f  t he  veh ic l e  mus t  match t h e  p o s i t i o n  and 
ve loc i ty  o f  a ' ' target  body." The p o s i t i o n  and v e l o c i t y  of t h e  t a r g e t ,  R(T) 
and V ( t > ,  must be given as func t ions  of a b s o l u t e  time t ,  b u t  t h e  t a r g e t  body 
as such may b e  f i c t i t i o u s ;  as, f o r  example, i n  t h e  c a s e  of a synchronous 
o r b i t  i n j e c t i o n  m i s s i o n  i n  which no a c t u a l  body ye t  occup ies  the  des i r ed  
o r b i t .  The s i x  r i g h t  end  condi t ions are 
f '  
5.10 
gi(xf , t f )  = ri( tf> - Ri( t f>  = 0 
i = 1 , 2 , 3  
gi + 3(Xf , t f>  = V i ( t f >  - Vi(tf> = 0 
To implement 5.10 requires  an algori thm for  computing R(t  ) and V ( t  ) f o r  
v a r i a b l e  t S i n c e   R ( t ) ,   V ( t )   r e p r e s e n t  a f ree  (unpowered) t r a j e c t o r y ,   t h i s  
can  be  ca r r i ed  ou t  u s ing  pa r t s  of t he  computa t ions  desc r ibed  in  sec t ion  4,  
provided R ( t  ) and  V(t ) are s u p p l i e d  f o r  some i n i t i a l  epoch t . 
f f 
f' 
0 0 0 
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Useful  four ,  th ree ,  and  two-orb i ta l  cons tan t  miss ions  are defined and 
t r ansve r sa l i t y  cond i t ions  answer ing  to  5.3 d e r i v e d  f o r  them  on  pp.  502 
and 5-03 of r e f e r e n c e  8. 
6 .  Test R e s u l t s  
The convergence propert ies  of t h e  m u l t i - b u r n  o r b i t a l  t r a n s f e r  r o u t i n e  
SWITCH were eva lua ted  us ing  bas ic  Apol lo  type  miss ions .  The missions 
involved  t ransfer  f rom low e a r t h  o r b i t s  of about 100 n a u t i c a l  mile a l t i -  
t u d e s  t o  o r b i t s  w i t h  a l t i t u d e s  r a n g i n g  f r o m  200 n a u t i c a l  miles to  19 ,300  
n a u t i c a l  miles. Both  high  and low t h r u s t  v e h i c l e s  w e r e  used i n  the evalua-  
t ion of  the program. 
The f i r s t  m i s s i o n  c o n s i s t e d  of t r a n s f e r  from a n e a r - c i r c u l a r  o r b i t  w i t h  a n  
a l t i t u d e  of approximately 100 naut ical  miles t o  a c i r c u l a r  o r b i t  a t  a syn- 
chronous  a l t i tude  of  19,300 n a u t i c a l  miles. The v e h i c l e  w a s  assumed to  have  
a n  i n i t i a l  mass of  1.26 x 10 kgm, an  exhaus t  ve loc i ty  of 4.15  km/sec  and a 
mass rate of  2.24 x 10  kgm/sec.   In  order t o  use   t he  SWITCH program  one 
must estimate the  independent  var iab les  of the  boundary  va lue  search  ( i . e .  
t h e  i n i t i a l  c o s t a t e  v e c t o r  and t h e  l e n g t h s  of the  burn  and  coas t  a rcs )  
and f i x  t h e  number  of  burn  and  coast  arcs.  The number  of s e p a r a t e  b u r n  a r c s  
w a s  se t  a t  four  (coas t -burn-coas t -burn)  and  the  in i t ia l  cos ta te  vec tor  and  
the  l eng ths  o f  a r c s  were chosen to  co r re spond  to  va lues  used  in  eva lua t ion  
of an ear l ie r  program.  The SWITCH a lgo r i thm converged  to  the  so lu t ion  in  one 
i t e r a t i o n .  
7 
4 
S i n c e  t h e  i n i t i a l i z a t i o n  f o r  t h i s  f i r s t  m i s s i o n  w a s  e s s e n t i a l l y  e q u a l  t o  t h e  
c o n v e r g e d  s o l u t i o n  ( p r e s e n t e d  i n  T a b l e  l ) ,  t h e  f i n a l  o r b i t  w a s  deformed i n t o  
a n  e l l t p s e  to t es t  the  program more f u l l y .  The deformation w a s  accomplished 
by  choos ing  the  eccen t r i c i ty  vec to r ,  e ( t h e  v e c t o r  whose magnitude is e q u a l  t o  
t h e  e c c e n t r i c i t y  and which points i n  t h e  d i r e c t i o n  o f  t h e  p e r i c e n t e r ) ,  t o  b e  
p a r a l l e l  t o  t h e  i n j e c t i o n  v e c t o r  o b t a i n e d  i n  t h e  f i r s t  c a s e  and wi th  the  
magni tude  of  the  vec tor  a l lowed to  vary  f rom .05  to  .5. The i n i t i a l  o r b i t ,  
v e h i c l e  p a r a m e t e r s ,  a n d  i n i t i a l  estimates of c o s t a t e  and a r c  times were f ixed .  
The r e s u l t s  are p r e s e n t e d  i n  T a b l e  1 and as expec ted  the  number  of i t e r a t i o n s  
f o r  c o n v e r g e n c e  i n c r e a s e d  w i t h  i n c r e a s e  i n  t h e  e c c e n t r i c i t y  of t h e  f i n a l  o r b i t .  
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Of s p e c i a l  i n t e r e s t  i s  t h e  case w h e r e  t h e  e c c e n t r i c i t y  w a s  set a t  .5. 
The converged lengths of the second coast  and burn arcs were changed 
by approximately 35 percent  and a s ign i f i can t  change  w a s  a l s o  r e q u i r e d  
i n  t h e  i n i t i a l  c o s t a t e  v e c t o r .  The a lgo r i thm w a s  a b l e  t o  overcome 
t h e s e  d i f f i c u l t i e s  a n d  c o n v e r g e d  i n  f i v e  i t e r a t i o n s .  
The r i g h t  end boundary constraints  were changed t o  a l l o w  s o l u t i o n  o f  
rendezvous missions and the same test cases were u s e d  t o  e v a l u a t e  t h e  
a l t e r ed   a lgo r i thm.  The s o l u t i o n s  o b t a i n e d  f o r  t h e  f i v e  c o n s t r a i n t  
missions were u s e d  t o  s p e c i f y  t h e  r a d i u s  v e c t o r ,  v e l o c i t y  v e c t o r  and 
t i m e  n e c e s s a r y  t o  d e s c r i b e  t h e  t a r g e t  v e h i c l e .  A s  i n d i c a t e d  by Table 1 
the rendezvous missions general ly  required a l a r g e r  number  of i t e r a t i o n s  
to   converge.  The s e n s i t i v i t y  of   the   a lgor i thm  to   changes   in   the  t i m e  
f rame of  the  ta rge t  vehic le  w a s  a l s o  i n v e s t i g a t e d .  The f i n a l  o r b i t  ec- 
c e n t r i c i t y  was f i x e d  a t  .05 a n d  t h e  t a r g e t  v e h i c l e  w a s  a l lowed to  be  both  
la te  and e a r l y  i n  a c h i e v i n g  t h e  f i x e d  p o s i t i o n  a n d  v e l o c i t y .  The plus  and  minus 
200 second  change i n  o r b i t a l  epoch time requ i r ed ,  i n  each  case ,  abou t  t he  
same number  of i t e r a t i o n s  f o r  c o n v e r g e n c e  as the  nominal  epoch  case.  The 
d i r e c t i o n  of t h e  time change did not  seem to  a f fec t  the  convergence  pro-  
p e r t i e s .  
The second tes t  miss ion  cons is ted  of t r a n s f e r  from a 100 n.m. c i r c u l a r  
o r b i t  t o  a 19,300 n.m. c i r c u l a r  o r b i t  w h i c h  was r o t a t e d  44 degrees out of 
the  p lane .  The v e h i c l e  c h a r a c t e r i s t i c s  were chosen  to   be  the same as used 
i n  t h e  f i r s t  cases and the algori thm w a s  ab l e  to  conve rge  to  the  so lu t ion  
i n  f i v e  i t e r a t i o n s .  The f i v e  c o n s t r a i n t  s o l u t i o n  was aga in  used  to  de f ine  
t h e  p o s i t i o n  o f  t h e  t a r g e t  v e h i c l e  as a f u n c t i o n  of time and the rendezvous 
form  of t h e  a l g o r i t h m  c o n v e r g e d  i n  e i g h t  . i t e r a t i o n s .  The r e s u l t s  are pre- 
s e n t e d  i n  T a b l e  2 ,  and, as shown, large changes were r e q u i r e d  i n  t h e  i n i t i a l  
c o s t a t e  v e c t o r .  
The th i rd  mis s ion  cons i s t ed  of a burn-coast-burn transfer from a 96  n.m. 
c i r c u l a r  o r b i t  t o  a 196 n.m. c i r c u l a r  o r b i t  w i t h  a r e l a t i v e l y  low t h r u s t  
veh ic l e .  The v e h i c l e  was assumed to  have  a mass of  9248 kgm, a mass ra te  
of  2.31  kgm/sec  and  an  exhaust  velocity  of  2.16  km/sec. The i n i t i a l  c o s t a t e  
v e c t o r  w a s  chosen such that u w a s  i n  t h e  d i r e c t i o n  of t h e  v e h i c l e  v e l o c i t y  
0 
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v e c t o r  a n d  t h a t  fi w a s  i n  t h e  d i r e c t i o n  o f  t he  acce le ra t ion  vec to r  
of t h e  c o a s t i n g  v e h i c l e .  The e n t i r e  i n i t i a l  c o s t a t e  v e c t o r  w a s  s c a l e d  
such that   the   'magni tude  of   the u v e c t o r  w a s  one. The length   o f   the  
f i r s t  b u r n  arc w a s  determined from the amount of velocity change required 
t o  deform  the 96 n.m. o r b i t  i n t o  a 96 n.m. x 196 n.m. o r b i t .  The coas t  
arc w a s  chosen  to  be  one  ha l f  of t h e  p e r i o d  o f  t h e  e l l i p t i c a l  o r b i t  and 
t h e  l e n g t h  of the second burn arc w a s  chosen t o  ga in  the  ve loc i ty  necessa ry  
t o  c i r c u l a r i z e  t h e  o r b i t  a t  apogee. The problem  converged i n  two itera- 
t ions  and  r equ i r ed  f ive  pe rcen t  changes  in  the  l eng ths  o f  t he  bu rn  arcs as 
well as a . 7  change i n  magni tude  of  the  f ina l  u v e c t o r .  
0 
0 
The las t  mis s ion  t e s t ed  r equ i r ed  a t r ans fe r  f rom 81 n.m. x 120 n.m. o r b i t  
t o  a coplanar  210 n.m. c i r c u l a r  o r b i t .  The v e h i c l e  c h a r a c t e r i s t i c s  con- 
s i s t e d  of a n  i n i t i a l  v e h i c l e  mass of 14,486 kgm, mass rate of 29.36 kgm/sec, 
and exhaust  veloci ty  of  3.07  km/sec.  The  mission w a s  chosen  to  cons is t  of 
f o u r  spearate a r c s  and t h e  i n i t i a l i z a t i o n  o f  t he  cos t a t e  vec to r  and t h e  
switching times w a s  accomplished by a rough penci l  and paper estimation of 
t he  impu l s ive  so lu t ion  similar t o  t h a t  f o r  t h e  t h i r d  m i s s i o n .  I n  t h i s  case 
t h e  l e n g t h  o f  t h e  i n i t i a l  c o a s t  arc w a s  requi red  and  i t  was chosen t o  i n s u r e  
t h a t  t h e  i n i t i a l  b u r n  arc w a s  centered around perigee.  The converged  solu- 
t i o n  w a s  w i t h i n  t e n  p e r c e n t  of t h e  e s t i m a t e d  arc  l eng ths  and r equ i r ed  a .07 
change in  the  magni tude  of t h e  f i n a l  u vec to r .  Th i s  test miss ion  requi red  
f o u r  i t e r a t i o n s  for convergence. 
A l l  c a s e s  i n  which even a c rude  impuls ive  so lu t ion  w a s  u s e d  f o r  i n i t i a l i z a t i o n  
r e su l t ed  in  e s sen t i a l ly  immedia t e  conve rgence .  Only when a n  i n i t i a l i z a t i o n  
appropr ia te  to  one  miss ion  w a s  carr ied over  unchanged to  a s i g n i f i c a n t l y  a l t e r e d  
mission did the program require  an appreciable  number of i t e r a t i o n s .  
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Destination  Orbit   Duration of Burn  and  Coast   Arcs   Magnitude of Number of 
Specifications  Changes  in u I terat ions 
Type  Eccentr ic i ty   Min mum  1st   Coast   1s t   Burn  2nd  Coast   2nd  Burn  to  
of Al t i t ude   Arc   Arc   Arc   Arc  I suo\ I a U F J  Converge 
Mission  (n. m. ) (set) (set) (set) (set) 
Five 
Orb i t a l  
0. 19,300 399.83 255.82 18,729.54 129.11 . 2 4 E - 3   9 1' 
. 0 5  18, 300 401.16 253.47 17,572.  73 134.87 .80E-2  .26E-2 3 
Constant .1   17,200  402.47  251.   14  16,541.93  140.57 . 16E-1   .55E-2  3 
. 5  11, 700 412.63  232.95  11 , 155.42  84 04.78E-1  .27  5 
No 0. 19,300  399.83  255.82  18,7 9.51  129.11  -243-3  .29E 3 
E M  N 
D 
I E  
1 
I .05  18,300  401. 15  253.47  17, 72. 2  134.8   .8 E-2  .26E-2 3 
N . 1  17,200 402.48 251.14 16,541.81 140.57 . 1 6 E - 1   , 5 5 3 - 2  5 
. 5  11, 700 412.61 232.95 11,155.54 184.04 .78E-1   . 27E-1  28 
. 0 5  18, 300 379.53 253.80 17,827.69 134.62 . 17E-0   .29E-1  3 
p3 9 " z  A L 
V T a r g e t  200 
0 s e c  LATE 
T a r g e t  200 .05  18,300  423.07  53.80  17,316.21  134,   . 6E- .19E-1 4 
FIRST  ITERA  TION  SPEC FICATIONS  400.  255.82  18,727. 6  129.11 - - - 
Table 1 
Low Alti tude  to  Coplanar Synchronous Missions 
Magnitude of 
Duration of Burn  and  Coast  Arcs Changes  in u Number of 
Iterations 




1 1211.55  25 .41  18,728.65  124.99 
Constant 1 
1 I 
.58E-1  .78E-0 5 
RENDEZVOUS 1211.56  55.41  18,726.56  1 4.99 
I 
.59E-1  .78E-0 8 
~~ ~~ ~~ ~~ ~~~ 
FIRST 
SPECIFICATIONS 
I ITERATION  1113.69  255.18  18,729.19  118.80 
IU 
Table 2 
Low Altitude  to  Synchronous  with 44' 
Plane Change 
7 Conclusions 
The development .of  the OPGUID a l g o r i t h m  i n  1965 provided an 
e f f i c i e n t  a n d  r e l i a b l e  means for  opt imizing s ingle-burn-arc  
t r ans fe r  mis s ions .  The bas ic  approach  of  the  OPGUID scheme 
was t o  u s e  a n  o r d i n a r y  s h o o t i n g  method b u t  w i t h  c a r e f u l l y  
chosen coordinate systems and numerical methods aimed a t  
speed  and  range  of  convergence. The s imulated  use  of  OPGUID 
as a real-time guidance scheme demonstrated superior perform- 
a n c e  t o  t h e  e x i s t i n g  IGM semi -exp l i c i t  s cheme ,  e spec ia l ly  in  those  
cases  involv ing  la rge  per turba t ions  f rom the  p lanned  normal  m i s -  
s i o n  c h a r a c t e r i s t i c s .  The a b i l i t y  t o  r e c o v e r  s m o o t h l y  i n  real- 
time from l a r g e  p e r t u r b a t i o n s  i s  due to  the  wel l -behaved  na ture  
of t h e  OPGUID formulation and i t s  avo idance  o f  a r t i f i c i a l  app rox i -  
mat ions  tha t  l i m i t  t h e  f l e x i b i l i t y  and accuracy of current guid- 
ance schemes. 
The OPGUID scheme handled s ingle-burn missions w e l l ,  i nc lud ing  
r e l a t i v e l y  s h o r t  c o a s t  a r c s  o f  f i x e d  d u r a t i o n -  as i n  t h e  case 
of a mul t ip l e  s t age  boos t  f l i gh t .  Gene ra l  mu l t ip l e  bu rn  p rob-  
lems, however ,  require  long coast  arcs (of ten  about  one  ha l f  o f  
an  o rb i t a l  pe r iod )  and  pe rmi t  op t ima l  cho ice  of t h e  l e n g t h s  of 
both burns and coasts .  A d i f f e r e n t  a l g o r i t h m  w a s  needed t o  d e a l  
e f f i c i e n t l y  w i t h  t h e  v e r y  l o n g  c o a s t  a r c s  and to  choose opt imal ly  
the  a s soc ia t ed  swi t ch ing  times. 
A sophis t icated mult i -burn opt imizat ion program, SWITCH, has been 
developed under Contract NAS 8-21315, and has converged a v a r i e t y  
of o r b i t  t r a n s f e r  p r o b l e m s  w i t h  a n  e f f i c i e n c y  a n d  r e l i a b i l i t y  ap- 
proaching   tha t   o f  OPGUID. Computing time p e r  i t e r a t i o n  i s  under 
one quarter second on a CDC 6600, and most missions require fewer 
than  ha l f  a dozen i t e r a t i o n s .  However, i t  remains   to   be  shown 
t h a t  t h e  SWITCH algorithm possesses the speed and convergence pro- 
per t ies  r e q u i r e d  f o r  real-time guidance.  Such a demonstration  would 
- 30- 
be  a  significant  advance  in  the  art  since  present  guidance  schemes 
cannot  revise  an  entire  multiburn  trajectory  in  response to in-
flight  perturbations,  but  can  only  modify  each  single-burn  arc 
separately. In addition to adapting  the  multiburn  optimization 
program  for  real-time  use,  it  is  desirable  to  extend  the  boundary 
value  formulations  beyond  that  of  the  five  constraint  orbital  con- 
stant  and  rendezvous  missions  that  have  already  been  solved. 
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Appendix: SWITCH Program 
I. Users Guide 
The MAIN routine  reads  the  data  necessary  to  specify  the  mission. 
The  data is r ead   a s  follows: 
Card No. Va.riable  Names FORMAT 
1 NCASE I2 







5 C 7F10.9 
6 LEGMAX, IMAX 212 
7 
8 
ATP(1 ,   l ) ,   ATP(1 ,2)  
ATP(2, l ) ,  ATP(2,2)  
2F10.9 
2F10.9 
NCASE appearing on card 1 tells  the  program how many  separate 
data cases are to follow. Cards 2 - 8fLEGMAX completely define a 
case and must be repeated for each separate mission. Card 2 contains 
a description of the  vehicle  and  the  gravitation  attraction of  the  earth. 
The  variables  are  defined  as  follows: UK - gravitational  constant 
(km / sec ), AMASS - initial  vehicle  mass  (kgm), BMAX - mass  flow 
rate   (kgm/sec) ,  CEXV - exhaust  velocity of the  engines  (km/sec)  and 
HMAX -maximum allowable integration step size (sec). XOE is a six 
vector  containing  the  initial  position of the  vehicle  in its first three 
components and the initial velocity in its last three components. These 
vectors  are  specified  in  km  and  km/sec  in  an  inertial  geocentric 
3 2 
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Cartesian coordinate system. QOE is a six vector containing the initial 
costate vector (u , with the magnitude of u assumed to be unity. 
The C vector  for  the  basic  five  orbital  constant  mission  contains  the  de- 
sired  angular  velocity  vector h = r x v of the  f inal   orbit   in  i ts   f irst   three 
components and e, e, (f irst  two components of the  eccentricity  vector of 
T 
0 bo) 0 
~ 1 
the  final  orbit e = - [?-+ -1 hxv as its las t  two  components. LEGALAX 
rl 
is an  integer  specifying  the  num5er of burn  and  coast  arcs  and IMAX is the 
maximum allowable number of iterations for one mission. The ATP array 
defines  the  duration of the  coast  and  burn  arcs.  ATP(1 , 1 )  contains  the 
starting  time of the  mission  and  ATP(1 , 2 )  is positive i f  the   f i r s t   a rc  is a 
coast and negative i f  the   f i rs t   arc   is  a burn.  ATP(2,l)  defines  the  time 
a t  which  the  first  arc is  completed and the second arc   s ta r ted .  The las t  
a r c   i s  always  assumed  to  be a burn  and  therefore  ATP(LEGMAX, 2 )  should 
always  be  negative. 
In order  for  the  program  to  perform  properly,  the  mass,  mass  rate 
and  exhaust  velocity  should  be  such  that  the  vehicle is able  to  carry  out 
the required mission. If the m.ass is very  large  in  comparison  to  the 
thrusting  ability d the  vehicle  it  will  take  very  long  duration  burns  to 
move the vehicle from its present orbit. If the  mass  rate is large and the 
usable mass small,  the  amount of possible  burn  time would be  very  small. 
A reasonableness  check  should  be  made  before  submitting  any  test  case 
to  the  computer,  for  experience  has shown that a very  large  percentage  of 
unsatisfactory  computer  runs  are  due  to g ross  e r ro r s   i n  the input data 
which  tender  the  missions  essentially  impossible. 
11. Program  Organization 
The  multi-burn  optimal  guidance  package  consists of nine  subroutines 
SWITCH, COAST, AMULT, RKG031, RKSTEP, YDDRHS, BVEVAL, 
ADJUST, and SOLVE. The entire package was written in FORTRAN IV 
and was tested on a CDC 6600 data processing system. The algorithm, 
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not  including  the  two  routines MAIN and OUT used  for  inputting  and 
outputting  data,  required  approximately 7300 core  locations  and  required 
at mosf . 2 5  seconds  for  each  iteration. 
The SWITCH subroutine is the  executive  routine  for  the  program. 
It  accepts  the  input  data  from MAIN and  performs  the  necessary  initiali- 
zations. SWITCH computes  an  entire  trial  trajectory  for  each  iteration 
including  computation of the  necessary  partial  derivatives by means of 
one call  on COAST or RKG031  for  each  coasting  or  burning  arc of the 
trajectory. A t  the end of each  arc-control is returned  to SWITCH which 
then  calculates  the  additional  partial  derivatives  associated  with  the  end 
of the  arc  as  well  as  the  difference  between  the  desired  condition at the 
end of the a r c  and the actual condition. When a l l   a r c s  have been com- 
pleted  it  calls  the BVEVAL  and ADJUST subroutines  which  calculate  the 
allowable changes in the independent variables. At the end of the  iteration 
SWITCH checks  to  see i f  a solution  has  been  reached  or i f  the  total  num- 
ber  of iterations  equals  the  maximum  that is allowable. If either of these 
conditions is met  SWITCH returns  control  to MAIN and  the  mission is 
assumed  completed. 
The COAST routine propagates the trajectory along coast arcs. It 
accepts as inputs the present state and costate of the vehicle as well as 
the length of the proposed coasting arc. It calls AMULT to do the neces- 
sary  matrix  multiplications  and  outputs  the  state  and  costate  at  the  end of 
the  coasting arc   as   wel l   as   the  par t ia ls  of final  state  and  costate  with 
respect  to  initial  state. 
The  burn  subarcs  are  propagated by subroutines RKG031, RKSTEP 
and YDDRHS. RKG031 acts as the executive routine for burn subarcs. 
It  initializes  the  arrays  needed  for  the  other  routines,  controls  the  integra- 
tion  step  size  and  determines when the  burn  arc  has  been  completed. When 
the  final  burn  arc  has  been  completed,  the  routine  also  determines  the 
partials of state  and  costate  with  respect  to  the  final  time, F' 
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The  RKSTEP  routine  performs a single  Runge-Kutta  fourth-order 
numerical  integration  step  on  the  system of second-order  matrix  differ-  
ential equations which describe the motion of the thrusting vehicle. The 
integration  scheme  requires  three  separation  evaluations of  the  right  hand 
side of the  differential  equation  and  these  are  performed  by  the YD.DRHS 
routine 
When the  entire  trial  trajectory  has  been  calculated,  the BVEVAL 
routine is called. This subroutine computes the difference DC between 
the  desired  end  conditions C and  their  actual  value  as  determined  by X F  
and QF. It also  computes  the  matrix G of partial  derivatives of C with 
respect  to X F  and  QF  and  the  matrix E of partial  derivatives of C with 
respect  to QO and  the  switching  times.  The DC vector  is  then  added  as 
an  additional  colum3 of the E matrix  and  the ADJUST routine  is  called. 
This  routine  immediately  calls  the SOLVE routine  which  performs a 
Gauss-Jordan  reduction of the E matrix  and  determines  the  adjustment 
necessary,  on a linearized basis, to null out the DC vector. In order  to 
insure  that  the  assumption of linearity  is  not  violated, a quantity CK i s  
calculated  which  limits  the  adjustments  to  be  performed on the  indepen- 
dent variables of the boundary value search. The ADJUST routine then 
calculates  the new QO and  switching  times  and  returns  control  to SWITCH, 
111. Variable  Definitions 
Mathematical 
Program Name  Symbol 
XOE(1) X 
QOE(1) 90 
c (1) C 
0 
ATP(1, 1) - 
ATP(I,2) - 
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Dz s c ription 
Initial  state  vector 
Estimated  initial  costate  vector 
Vector of desired  end  conditions 
Switching  times 
Type of ARC (t Coast,  -Burn) I 
I 
~~ - 














C a -  
ax, a q f  
Description 
Mass  at  end of each  leg 
Initial  mas s 
Mass flow rate  
Exhaust  velocity of the  engines 
Maximum  allowable  integration 
step  size. 
Number of burn  and  coast  arcs 
Maximum  number of iterations 
allowable 
Initial costate vector, updated 
each  iteration 
Gravitation  constant 
Costate  at  start of a r c  
Costate  at  end of a r c  
State  at  start of a r c  
State  at  end of a r c  
Partials of end  conditions  with 
respect to the  independent 
variables 
Vector  difference  between 
desired  end  conditions  and 
attained  end  conditions 
Part ia l  of present  state  and 
costate  with  respect  to  the 
independent  variables 
Par t ia l  of s ta te   a t  end of 
coast  with  respect  to  state 
a t   s ta r t  of coast 
A- 5 
Mathem  t ica l  




D V F  
CK 
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Partial of costate at end of 
coast  with  respect  to  state 
at s t a r t  of coast 
Projected  change  in  final  state 
Magnitude of projected  change 
in  position 
Magnitude of projected  change 
in  velocity 
Fraction of the  current Newton- 
Raphson  adjustment  accepted 
(0 < CK 5 1)  
IV - PROGRAM LISTING'AND SAMPLE OUTPUT 
" . 
PROGRAM MAIN(INPUT,OUTPUT,TAPE5=INPUT~TAPE6=OUTPUT) 
C O M M O N / C C P I N J / U K , L E G , A T P o , A M ~ B M A X ~ C E X V  
'y DIMENSION C ( 1 2 ) , Q O E ( 6 ) , X O E ( 6 ) '  
1 F O R M A T ( 7 F l O a 9 )  
R E A D ( 5 . 3 )   N C A S E  
NC=O 
5 N C = N C + l ~  
W R l T E ( 6 r 6 )  NC 
6 F O R M A T ( l H 1 , 1 3 H   C A S E  NUMBER 9 1 2 , / / )  
R E A D ( 5 , l ) U K , A M A S S , B M A X , C E X V , H M A X  
R E A D ( 5 , l ) X O E  
R E A D ( 5 , l ) Q O E  
R E A D ( S , l ) ( C ( I ) , I = 1 , 7 )  
R E A D ( 5 . 3 )   L E G M A X , I M A X  
3 F O R M A T ( 2 1 2 )  
4 F O R M A T ( 2 F l O a Q )  
L l = L E G M A X + l  
R F A D ( 5 9 4 )  ( A T P ( I ~ l ) r A T P ~ I ~ 2 ) r l = l g L l )  
C 4 L L  S W I T C H ( A M A S S , L E C M A X , I M A X ~ C , Q O F + X f l F ~ H M A X )  
I F ( N C A S E . G T . N C )  GO TO 5 
STOP 
END 
S U B R O U T I N E  O U T ( X , Q , X F * Q F , L E G M A X I N P A T H )  
C O M M O N / C C P I N J / U K I L E G , A T P ~ ~ A M , B M A X , C E X V  
C O M M O N / W A D J / A ( 8 )   , D X F ( 6 )  
COMMON/WCOAST/PSY  ,ALPHA,FT 
C O M M O N / W S W I T / E ( 1 2 , 1 3 ) , D C ( l 2 ) ~ D R F ~ D V F ~ C K ~ E V T ~ K C O U N T ~ B U R N T  
D I M E N S I O N  X ( 6 ) , H ( 3 ) r F 1 ( 3 ) , T I M E ( 5 O , 7 ) , ~ C l ( 5 0 , l 2 ) ~ ~ R F l ( 5 O ) , ~ V F l ( 5 ~ )  
D T M E N S I O N  K C 1 ( 5 ~ ) , 0 ( 6 ) , X F ( 6 ) , ~ F ( 6 ) , C K 1 ( 5 0 )  
T F ( N P A T H 1 1 9 2 9 3  
1 L F G l = L E G - l  
40 F O R M 4 T ( 1 H 0 , 1 7 H T T F R A T I O N  NUMBER ,139/1 
I F ( L E G a L T . 3 )   W R I T E ( 6 , 4 0 ) K C O U N T  
I F ( L F G a E Q . 1 )  GO TO 2 
W R I T E ( 6 , 1 0 ) L E G l , X , Q  
1 0  F O R M A T ( 2 0 X , 9 H C 0 4 S T   A R C , / 2 5 X , 4 H L E G = ,  
1 1 2 r l X 1 2 H S T A T E   A T  E N D , l X , 6 E 1 4 * 6 , / 3 0 X , 1 4 H C O S T A f E  A T   E N D ~ l X ~ 6 E 1 4 . 6 )  
W R I T E ( 6 , 2 2 ) P S Y , A L P H A , F f  
22 FORMAT(30X,4HPSY=,E14.6r5X16HALPHALPHA=~El4a6,5X,ZZ.HCALCULATED COAST T 
2 H(l)=X(Z)*X(6)-X(3)*X(5) 
H(Z)-X(3)*X(4)-X(l)*X(6) 






EM=SORT ( E l  ( 1 1 **2+F'L (2 )**2+F1( 3 1 **2 1 
1 1 M F = , F 1 4 . 6 )  
ENERGY=-UK/RM+a5*(X(4)**2+X(5)**2+X(6)**2) 
A A X I S = - U K / ( Z a 0 * E N ~ R G Y ) .  
R M I N = A A X I S * (   1 e O - E M )  
R V A X = A A X I S * (   l . O + E M )  
D F R I O n = ( 6 . 2 8 3 1 8 5 7 ) * S O R T ( A R S ( A ~ S ( A A X I S * * 3 / ~ J K ) )  
' . ~ R I T E ( 6 , 1 1 ) A A X I S , R ~ I N ~ R ~ A X ~ E N ~ R G Y , P F ~ I O D ~ H M ~ H ~ E ~ ~ E l ~ R M  
1 1  F O R M A T ( 2 5 X , 1 5 H S E M I M A J O R  AXIS=rE14.6,1X5HRMIN=~El4.6~lX5HRMAX=~El4 
1 . 6 , 1 X 7 H E N E R G Y = ~ E 1 4 a 6 ~ / 2 5 X ~ 7 H P E R I O D ~ , E l ' 4 a 6 ~ l X 5 H H M A G ~ ~ E l 4 . 6 ~ l X 8 H H  VE 
2 C T O R , 3 E 1 4 a 6 , / 2 5 X 5 H E M A G = , E 1 4 . 6 , 1 X 8 H E  VECfOR,3E14.6rlX5HRMAG=rE14r6.) 
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1 3  
1 4  
1 5  
3 0  







2 0  
2 1  
F F ( N P A T H I 5 9 6 9 6  
W R I T E ( 6 , 1 2 ) L E G , X F , Q F , A Y  
F O R M A T ( 2 0 X , 8 H B U R N  ARC,/25X,4HLEG=,T2,1Xl2HSTATE AT END, lX6E14 .6 , /  
~ ~ G X X , ~ ~ H C O S T A T E  .4T END,lX6E14.6,/30X,19HMASS AT END OF L E G = r E 1 4 . 6 )  
TF(LEG.LTaL.EGMAX)   RETURN 
KC=MOD  (KCOUNT-1,501 ' 
Y C = K C + l  
D O  7 I = l , L F G  
TTME(KC,?)=ATP(I,+l,l)-ATP(I,1) 
RETUQN 
L 6 = 6 + L E G  
D E T E = l e O  
50 4 I = 1 , L 6  
D E T E = D E T E * E ( I I I )  
T I M E ( K C * 7 ) = B U R N T  
W R I T E ( 6 , 1 3 ) T I M E ( K C e 7 ) , ( T I M E ( K C , I ) , T = 1 , L E G )  
F O R M A T ( 2 0 X 9 1 6 H T O T A L   B U R N   T I M E = , E l 4 * 6 , 1 X 9 H A R C   T I M E S , l X 4 E 1 4 r 6 , / 6 1 X  
1 2 F 1 4 e 6 )  
W R I T F ( 6 , 1 4 ) D C , D E T E , ( F ( T , I )  , I = l , L 6 )  
F O R M A T ( 2 5 X , 2 H D C , l X 6 E l 4 ~ 6 , / 2 8 X , 6 ~ 1 4 . 6 , / 2 5 X , l 7 H D E T E R M ~ N A N T  OF E=,  
l E 1 4 . 6 , 1 X ! 3 H D I A C O N A L  OF E , 4 E 1 4 r 6 , / 2 5 X , 8 E 1 4 . 6 )  
1.1 = L E G + l  
L 2 = L 1 + 1  
~ ! R I T E ( 6 , 1 5 ) D X F , D R F , D V F , C K , E V T , ( A ( I ) ~ I = l r L 2 ~  
F O R M A T ( 2 5 X 9 4 H D X F  ,6E1406,/25X,4HDRF=,El40695H D V F = , E 1 4 r 6 , 4 H  C K = ,  
1 E 1 4 0 6 9 5 H  EVT=,E14 .6 , /2 jX ,10HCK=MTN OF 9 7 E 1 3 . 5 )  
L ? = L E G + 7  
W R I T E ( ~ , ~ ~ ) ( E ( I , L ~ ) , I = ~ X , L ~ )  
F O R M A T ( / 2 5 X 6 6 H C H A N G E   R E O U I S T E D  I N   I N I T I A L  COSTATE,SWTTCHING TIMES 
1 A N D   F I N A L  T I ~ F , / 2 5 X , 6 f 1 4 . 6 , / 3 5 X , 6 E 1 4 . 6 )  
W R ~ T E ( 6 , 1 6 l K C O U N T , Q F ~ ( A T P ( ~ ~ l ) ~ I = Z ~ L l )  
F O R M A T ( l X , 2 4 H E N G  O F  ITERATION  UMBER  ,13 , /15X ,7HNEW 00 , 6 E 1 4 . 6 9 /  
1 1 5 X , 1 6 H N E M   S W I T C H   T I M E S , 1 X 6 E 1 4 * 6 , / / )  
DO 8 1 ~ 1 9 1 2  , 
C K l ( K C ) = C K  
D R F l ( K C ) = D R F  
K C 1  ( K C  1 =KCOUNT 
RFTURN 
DClfKC,I)=DC(I) 
D V F ~ ( K ~ ) = D V F  
I F ( K C O U N T . G T . 5 0 )   K C O U N T x 5 0  
W R I T F ( 6 , 1 7 )  
FORMAT(1Hl,SOX,l4HSUMMARY T A R L E S , / / , l X 9 H I T F R A T I O N t l X 1 5 H T O T A L  BURN 
1 T T M E t 2 1 X , 2 9 H L E N G T H  OF R U R N   A N D   C O A S T   ~ R C S , / 2 X 6 H N I J M B E R r / / )  
30 ? I = l , # C O U N T  
W R I T E ( 6 , 1 8 )  K C 1 ( I ) ~ T I M E ( I ~ 7 l ~ ( T I M E ( I , J ) ~ J ~ l ~ L E G )  
F @ f ? M A T ( 3 X , J 3 , 5 X , 7 € 1 5 0 7 )  
W R I T E ( 6 r l 9 )  
F O R M A T ( l H O r / / l X 9 H I T E R A T I O N ~ 3 9 X ~ 3 6 H E R R O R  I N  BOUNDARY  CONDIT IONS-DC(  
11-81 , / 2 X 9 6 H N U M B E R , / / )  
W R I T E ~ 6 ~ 2 0 ~ ~ K C 1 ~ I ~ ~ ~ D C l ~ I ~ J ~ ~ J ~ l ~ 8 ~ ~ I ~ l ~ K C O U N T ~  
F O R M A T ( 3 X I 3 , 5 X , 8 E 1 4 . 6 )  
W R I T F ( 6 , 2 1 )  
F ~ ~ Y A T ( 1 H O , / / 1 X 9 H I T E R A T I O N , 2 6 X , P H D C ( 9 - 1 2 ~ ~ ~ ~ X ~ 3 H P R F ~ l ~ X ~ 3 H ~ V F ~ l 2 X 2  
l H C Y t / Z X 6 H N U ~ R E R , / / )  







1 3  
1 4  
1 5  - 12 
1 6  
17 
19 
1 8  
20 
7 9  
S U B R O U T I N E  C O A S T ( X O ~ Q O ~ X F ~ Q F ~ P H I t O P H I t U K , L E G , A T P , N O ~  







8 1  
8 2  
8 3  
84 
_ _ ~  ~~ ~ 
C O M M O N / C C O A S T / A N N ( 2 , 2 ) r e N N ( 3 r 3 ) , X X O ( 6 9 6 ) , R O ( 3 ) , V O ( 3 ) ~ R ( 3 ) 9 V ( 3 )  
COMPLEX  CALPH9CAPSY 
D I M E N S I O N  H O ( 3 )  
L F G 5 = 5 + L E G  
T I M E  O F  COAST 
9 0  ( Q  A T   S T A R T   O F   C O A S T )  
1 , D R 0 ( 3 )  , D V 0 ( 3 )   v D R ( 3 )   v D V ( 3 )   9 D A N ( 2 9 2 )   q D B N N ( 3 9 3 )   v D X X O ( 6 9 6 )  
D I M E N S I O N  X 0 ( 6 ) , 0 0 ( 6 ) , X F ( 6 ) , Q F ( 6 ) , P H I ( 6 , 6 ) r D P H I ( 6 , 6 ) 9 A T P ( 7 , 2 )  
T = A T P ( L E G + 1 , 1   ) - A T P ( L E G , l )  
DO 40 I = l r 3  
I 3 = 1 + 3  
R O ( I ) = X O ( I )  
D R O ( T ) = Q O ( ! )  
D V O (  I )=Or)( I 3  1 
JUMP=O 
R M O = S ~ R T ( R O ( l ) * R O I 1 ) + R O ~ 2 ) *  R 0 ( 2 ) + R O f 3 ) * R 0 ( 3 ) )  
vo( r ) = x o (  1 + 3  
RO,VO S T A T E   A T   S T A R T  OF COAST 
D R ~ O = ( R O ( l ) * D R O ( l ) + R O ~ 2 ~ ~ D R O ~ 2 ) + R O ~ 3 ~ * D R O ~ 3 ~ ~ / R M O  
S T G O = R O ( l ) * V O ( l ) + R 0 ( 2 ) * V ~ ( 2 ) + ~ 0 ( 3 ) * V O ( 3 )  
D S I G O = ~ ~ O ~ 1 ~ * D R O ~ l ~ + V O ~ 2 ~ * ~ R O ~ 2 ~ + V O ~ 3 ~ * D R O ~ 3 ~ + R O ~ l ~ * D V O ~ l ~  
A L P H A = V O ~ 1 ~ * V O ~ 1 ) + V O ~ 2 ) + V 0 ~ 2 ~ + V O ~ 3 ~ * V O ~ 3 ~ ~ 2 ~ * U K / R M O  
H~(ll=R0(2)*V0(3)-RO(3)*VO(2) 
H0(2)=R0(3)*VO(l)-RO(l)*V0(3) 
H ~ ( 3 ) = ~ 0 ( 1 ) 9 V 0 ( 2 ) - R O ( 2 ) * V O ( l )  
P ~ = ( Y O ( l ) * H O ( l ) + H 0 ( 2 ) * H 0 ( 2 ) + H O ( 3 ) * H O ~ 3 ) ) / U K  
l+R0(2)*DV0(2)+R0(3)*DV0(3)) 
P q Y = T / P O  
I F ( A L P H A ) 8 1 , 8 2 , 8 2  
C A L P F = C M P L X ( S Q R T ( - A L P t i A )  9 0 0 )  
GO TO 8 3  
C A P S Y = P S Y * C A L P H  
S O = R E A L ( C C O S ( C A P S Y ) )  
S l = R E A L ( C S I N   ( C A P S Y )   / C A L P H )  
C A L P H = C M P L X ( O o   , S Q R T ( A L P H A ) )  
S 2 =  ( S O - 1  00) / A L P H A  
S3= ( S I  -PSY 1 / A L P H A  
FT=RMO*S l+STGO*S2+UK*S3  
9M=RMO*SO+SICO*Sl+UK*S2 
I F (  JUMP.Fr3.1) GO TO 84 
P S Y = P S Y + ( T - F T )   / R M  
T F ( A B S ( T - F T ) o G E . . 0 0 0 1 )  GO TO 8 3  
J U M P =  1 
GO TO 83  
F V l = - U K * S Z / R M O  
F = l  O+FM1 
FD=-UK*S 1 / (RM*RMO 
G=FT-UK*S3  
GDMl=-UK+S2/RM 
GD= l .O+CDMl  
UYR3=IJK/   (RM*RM*RM) 
VYR03=UK/(RMO+RMO*RMO) 
D A L P H = 2 ~ O * ~ V O ~ 1 ~ * D V O ~ 1 ~ + V O ~ 2 ~ * ~ V O ~ 2 ~ + V O ~ 3 ~ * D V O ~ 3 ~ + U K R O 3 * ~  
1 R ~ ~ l ~ * D R O ~ 1 ~ + R 0 ~ 2 ~ * D R O ~ 2 ~ + R O ~ 3 ~ ~ D ~ O ~ 3 ~ ~ ~  
D A P A = D A L P H / 4 L P H A  
D A P A 2 = D A P A / A L P H A  
D P S Y ~ - ~ D R M O * S 1 + D S I C O * S 2 + R M O * ~ P S Y * S O - S l ~ * D A P A * o 5 + S I G O * ~ P S Y * S ~ * ~ 5 -  
~ S ~ ) * D A P A + U K * ( P S Y - ~ O ~ * S ~ + P S Y * S O * ~ ~ ) * D A P A Z ) / R M  
DSO=(ALPHA*DPSY+o5*PSY*DALPH)*S l  
DSI=SO*DPSY+ I PSY*SO-SI   ) *DAPA* .  4 
A-11 
DS2=S1*DPSY+(.5*PSY*Sl-S2)*DAPA ’ 
D S ~ = S ~ * D D S Y + ( P S Y - ~ . ~ * S ~ + O ~ * P S Y * S O ) * D A P A ~  
S4= ( S2-PSY*PSY*.5 1 / A L P H A  
D S ~ = S ~ * D P S Y + ( P S Y * P S Y * O ~ - ~ ~ O * S ~ + ~ ~ * P S Y * S ~ ) * D A P A ~  
S 5 = ( S 3 - P S Y * P S Y * P S Y / 6 . O ) / A L P H A  
D S ~ = S ~ + D P S Y + ( P S Y * P S Y * P S Y / ~ ~ O + ( ~ ~ O * P S Y - ~ . ~ * S ~ + O ~ * P S Y * S O ) / A L P H A ~  
l * D A P A 2  
U = S ~ + F T + U K * ( P S Y * S ~ - ~ O O * S ~ )  
DU=DS~*FT+UK*(DPSY*S~+PSY*DS~-~OO*DS~) 
DQM=SO*DRMO+DSO*RMO+Sl*DSTGO+DSl*SIGO+UK*DS2 
D F =   ( - U K * D S 2 - F M l  *DRMO 1 /RMO 
DT,=-UK*DS3 




DO 4 1 ~ 1 9 3  
@R(I)=RO(I)*DF+VO(I)*DG+DRO(I)*F+DVO~I)*G 
Q F ( I ) = D R ( I )  
R ( I ) = R O ( I ) * F + V O ( i ) * G  
Q F (  t + 3 ) = D V (  1 )  
D V ( I ) = R O ( I ) + D F D + ~ O ( I ) * ~ ~ D + D R O ( I ) * F ~ ~ ~ V O ( I ) * ~ ~  
4 V (  I ) = R O (  I ) * F D + V O (  I)*GD 
C RIV S T A T E   A T  END OF COAST 
IF (NO.EO.1 )  GO TO 90 
D I l K F 3 = - 7 o O ~ V K R 3 * O R M / R M  
DUR03=-3.O*UKRO3+DRMO/RMO 
SlRO=Sl/PMO 
S l R = S l / R M  
D S l R O = ~ D S 1 - S 1 R O * D R M O ) / R Y O  
D S l R = ( D S l - S l R * D R M ) / R M  
R 0 2 = 1 o O / ( R M O * R M O )  




A N N ( ? , ? ) = - F D * S 2  
ANN ( 2 1 J  = F M l * S l R n + U U K 0 3  
A N N ( 2 , 7 ) = F M I + S 2  
D U M M l = A N N ( l V l )  
DAN(1,1)=-FD*DSlRO-DFD*SlRO+UKRCl3*DS2+DUR03*S2 
D U M M Y = D A N ( l , l )  
D A N ( 1 , 2 ) = - D F D * S 2 - F D * D S 2  
DAN(2,l)=FMl*DSlRO+DF*SlRO+DUUK3 
DAN I 2  2 ) =FM1  *DS2+DF*S2  
C A L L   A M U L T  
DO 5 1 ~ 1 9 3  
DO  5 J = 1 , 3  
D X X O ( I , J I = D B N N ( I I J )  
5 X X O ( 1  , J ) = R N N (  I,J) 
DO 6 1=1 ,7  
D X X O ( I , I ) = D X X O ( I , l ) + D F  
6 X X O ( I I I ) = X X O ( I , I ) + F  
A N N ( l , I ) = A N N ( l , ? )  
A N N ( 2 , 1 ) = A N N ( 2 , 2 )  
ANN ( 1  9 7 . 1  =-CDMl*S2  
ANN ( 2  2 =G*S2-U 
D A N ( l r l ) = D A N ( l r 2 )  
D A N ( 2 , 1 ) = D A N ( 2 , 2 )  





I F (  A B S ( H )   O C T O   H M A X )   H = S I G N ( H M A X , H )  
GO TO 2 
8 IF (LEG.LT.LEGMAX)   GO TO 10 
C A L L  Y D D R H S ( Y N , Y D ~ H , ~ . , ~ T P ( L E G + ~ P ~ ) ~ O )  
DO I 1  I=1,3 
t ( I t 6 + L E G M A X ) = Y D N ( I , l )  
2(1+3,6+LEGMAX)=YD3H(I,l) 
2(1+6 ,6+ 'LEGMAX)=YDN(  I+3 ,1 )  
11 Z(I+9,6+LEGMAX)=YD3H(I+3*1) 
10 DO 1 2  I=1,13 
X F ( T ) = Y N ( I , l )  
XF( 1 + 3 ) = ' f D N (  1.1) 
O F ( I ) = Y N ( I + 3 , 1 )  
OF( I + 3 ) = Y D N (  I + 3 9 l i  
DO 1 2  J = 2  * L E G 6  
t ( I , J - l ) = Y N ( I t J )  
Z ( I + ~ , J - ~ ) = Y D N ( I I J )  
Z l T + 6 , J - I ) = Y N ( I + 3 , J )  
._ . 
1 2  2 ( 1 + 9 , J - l ) = Y D N ( 1 + 3 , J )  
A M = A M - P M A X * ( A T P ( L E G + l ~ l ~ - A T P ( L E G ~ l ) )  
RETURN 
END 
S U B R O U T I N E  R K S T E P ( Y N , Y D N , T N , Y N l r Y D N l r H , N I L E G )  
C T H I S  PROGRAM  ADVANCES  YN  AND  YDN  BY A S T E P  OF S I Z E   H ' T O   Y N 1   A N D   Y D N l  
C U S I N G  A FOURTH-ORDER  UNGE-KUTTA  NUMERICAL  INTEGRATION  SCHEME. I F  N 
C IS P O S I T I V E ,   A L L   E L E M E N T S  OF THE  MATRICES  YN  AND  YDN  ARE  ADVANCED. 
C O T H E R W I S E   O N L Y   T H E   F I R S T   C O L U M N   O F   E A C H   M A T R I X  IS UPDATED. 
D I M E N S I O N  Y N ( 6 , 1 3 ) , Y D N ( 6 , 1 3 ) , ~ 1 ( 6 ~ 1 3 ) , D 2 ( 6 , 1 3 ) ~ ~ 3 ( 6 , 1 3 ) ~ Y ( 6 ~ 1 3 )  
l r Y N 1 ( 6 , 1 3 ) , Y D N 1 ( 6 r 1 3 )  
J M A X = 1  
I F ( N o G T . 0 )   J M A X = 6 + L E G  
H 2 =  5 * H  
C A L L  Y D D R H S ( Y N 9 3 1  ,H,TN,N 1 
DO 1 J= l , JHAX 
DO 1 I * 1 9 6  
1 Y ( I ~ J I = Y N ( I ~ J ) + H 2 * ( Y ~ N ~ I ~ J ) + ~ 2 D l ~ T ~ J ) ~  
C A L L  Y D D R H S ( Y  r D 2  , H , T N + H 2  , N )  
DO 2 J = l , J M A X  
DO 2 I = l , h  
2 Y ( I , J ) = Y N ( I , J ) + H * ( Y D N ( I ~ J ) + o 5 ~ D Z ( I ~ J ) )  
CALL  YDDRHS(Y,D3,H,TN+H,N)  
DO 3 J = l ,  JMAX 
DO 3 I = l , h  
Y N 1 ~ I , J ~ = Y ~ l ~ I ~ J ~ + H * ~ Y D N o + . 1 6 6 6 6 6 6 7 + ~ ~ l ~ I ~ J ~ + ? ~ * ~ ~ ~ I ~ J ~ ~ ~  
RETURN 
END 
3 Y D N l ( I , J ) = Y D N ( I ~ J ) + . l 6 6 6 6 6 6 7 * ~ ~ l ~ I ~ J ~ + 4 ~ * D ~ ~ I ~ J ~ + D 3 ~ I ~ J ~ ~  
SUBROUTINE  YDDRHS(YpYDD,H,T,N)  
C O M M O N / C C P T N J / U K , L E G ~ A T P ( 7 ~ 2 ) ~ A M ~ 3 M A X , C E X V  
D I M E N S I O N  Y ( 6 , 1 3 ) , Y D D ( 6 , 1 3 ) , R ( 3 ) , U ( 3 ) , ~ ( 6 , 6 )  
C C O M P U T E   B A S I C   Q U A N T I T I E S  COMMON TO  MANY  COMPONENTS  OF YDD. 
LCG6=6+LFTC 
DO 1 1=1,3 
R ( I ) = Y ( I , l )  
1 U ( I ) = Y ( 1 + 3 , 1 )  
A M l = A M - ( T - , A T P ( L E G , 1 )   ) * B Y A X  
A- 15 






C COMPUTE  RDD  AND  UDDa 
DO 2 1 = 1 + 3  
YDD(I,l)=R(I)*ALPHA+U(I)*~ET~ 
2 Y D D ( T G 3 , 1 ) = R ( I ) * C A M M A + ~ ( ~ ) * A L P H A  
C DECIDF  WHETHFR WDD TS R E O U I R F D   A T   H I S   T f M E a  
21 T F ( N a L E a O )   R E T U R N  
C C O M P U T E   A D D I T I O N A L   Q U A N T I T I E S  COMMON TO  MANY  COMPONENTS OF WDDo 
D E L T A = - 3 a + A L P H A * R Z  
EPS I L=-BETA*UZ 
ZETA=-5a*CAMMA+R2 
C COMPUTE  THE  MATRIX B NEEDED I N  T H E   M A T R I X   E Q U A T I O N  WDD=B*Wo 
DO 3 J=1,3 
R R J = D E L T A * R  ( J 1 
R U J = E P S I L * U (  J )  
U R J = Z E T A * R ( J I + D E L T A * U t J )  
U U J = R R J  
DO 3 T = l , ?  
O=O, 
I F  ( I a F Q a  J) Q = l e  
B ( I , J ) = R ( I ) * R R J + Q * A L P H A  
B ( I , J c 3 ) = U ( I ) ~ R U J + Q * R E T A  
B(I+3,J)=R(I)*URJ+U(I)*UUJ+Q*GAMMA 
3 B ( I + 3 , J + 3 ) = B ( I r J !  
C PERFC'RM T Y E   M A T R I X   M U L T I P L I C A T I O N  B*W TO  GET WDDa 
DO 5 I = l , h  
DO 5 J Z 2 r L E G 6  
SUM=O a 
DO 4 K = 1 , 6  
4 S U M = S I J Y + R ( I B K ) * Y ( K , J )  
5 YDD(  Y , J l=SUM 
I F ( L E G e L E . 1 )   R E T U R N  
RDDMB=-BETA*BMAX/AMl  
DO 6 J z 8 9 L E G 6  
DO 6 I = l r 3  
J l = J - 7  













T H I S  IS V E R S I O N  A OF  SUBPROGRAM  BVEVAL9 DECK NAME  'OPDK3A' .  
T H I S   V E R S I O N   D E A L S   W I T H  A F I V E - C O N S T R A I N T   R I G H T - E N D   B O U N D A R Y - V A L U E  
PROBLEM WHERE T H E   F I V E   C O N S T R A I N E D   F U N C T I O N S   A R E   T H E   T H R E E  COMPON- 
E N T S  OF T H E   O R G I T A L   A N G U L A R   V E L O C I T Y   V E C T O R   ( R   C R O S S  V )  A N D   T H E   F I R S T  
TWO COMPONENTS  OF  THE  VECTOR WHOSE D I R E C T I O N  IS T H E   D I R E C T I O N  OF 
P E R I C F N T F R   A N @  WHOSE MAGNITUDE I S  T H E   O R B I T A L   E C C E N T R I C I T Y .   T H U S ,  I N  
E F F E C T ,   A L L  OF THE S I X  C L A S S I C 4 L   O R S I T A L   E L E M E N T S   A P E   C O N S T R A I N E D  
FXCEPT THF MFAN  ANOMALY,  WHICH I S  FREFI 
A- 16 
SUBROUTINE ADJUST(QO,E,Z ,DRFIDVF,CK,LEGMAXIATP)  
COMMON/WADJ/A(8) rDXF(6) 
A-17 
D I M E N S I O N  Q0(6),E(lZr13),Z(12,12),AfP(7~2) 
C A L L   S O L V E (  E 9LEGMAX 1 
L 6 = 6 + L E G M A X  
L 7 = L E G M A X + 7  
DO 5 1 ~ 1 9 6  
D X F (  I)=O* 
DO 5 K = l , L 6  
5 D X F ( I ) = D X F ( I ) + Z ( ~ , K ) * E ( K ~ 7 + L E G M A X )  




A ( 1 ) = * 2 / D U Z  
A (   2 ) = * 0 0 0 3 / D U D Z  
A ( 3 ) = 1 * 0  
I F ( A T P ( 1 , 2 ) e L T * O )  A(3)=(*5*(ATP(2,1)-ATP(l,l))/ABS(E(7,L7))) 
C K = A M I N l ( l o O , A ( l ) , A ( 2 ) , A O )  
DO .8  I = t , L E G M A X  
I2= I + 2  
A ( I 2 ) = ( ~ 5 * ( A T P ( I + l , l ) - A T P ( I ~ l ) ) / A B S ( E ( I + 6 ~ L 7 ~ - E ~ 1 + 5 , L 7 ) ) )  
8 C K = A M T N l I C K s A ( I Z ) )  
DO 6 1 ~ 1 9 6  
A T P ( I + l , l ) = A T P ( I + l , l ) + C K * E ( 1 + 6 , 7 + L E C M A X )  
6 Qn( I ) = Q O ( T ) + C K * E ( 1 , 7 + L F ~ M A X )  
U M = S O R T ( Q 0 ( 1 ) * * 2 + Q O ( 2 ) * * Z + Q O ~ 3 ) * * 2 )  
DO 7 1 ~ 1 9 6  
7 Q O ( I ) = Q O ( I ) / U M  
RETURN 
END 
SUBROlJTTNE  SOLVE(A ,LECMAX)  
D I M E N S I O N  A ( 1 2 9 1 3 )  
L 6 = 6 + L E G M A X  
L 7 = 7 + L E G M A X  
DO 6 N = l  r L 6  
I B I G = N  
DO 1 I = N , L 6  
I F (  A B S (   A 1 , N )  ).CTm A R S ( A ( I B I G , N ) ) )  IRIG=I 
1 CONT I NUE 
I F  ( I B I G . E Q o N )  GO TO 3 
DO 2 J = N  (L7  
O = A ( N , J )  
A ( N , J ) = A ( I R I G , J )  
2 A ( T B I G , J ) = Q  
3 DO 5 I = l , L 6  
I F ( I * E C J * N )  GO TO 5 
Q = A ( I , N ) / A ( N , N )  
M = N + 1  
DO 4 K=M,L7 
4 A ( I , K ) = A ( I , K ) - Q * A ( N , K )  
5 C O N T I N U E  
6 C O N T I N U E  
DO 7 I = l r L 6  
7 A ( I , L 7 ) = A ( I , L 7 ) / A ( I , I )  
RETURN 
END 
DATA  FOR  CASE 1 
A- 18 
1 
3 9 8 6 0 1 . 5 6  1 2 6 4 4 6 5 1 .  2 2 3 8 4 0 4 0 7 9 4 . 1 5 4 0 7 2 9  100. 
5 0 8 7 . 4 9 3  4 1 3 2 . 6 3 4 2  1 1 4 . 7 0 5 5 2   4 . 9 0 0 7 9 6   - 0 0 5 7 7 9 6 2 r 0 6 6 9 1 4 4  
0 4 6 6 8 4 1 4  - 0 7 8 0 1 0 8 6  - * I 5 2 8 7 4 6   - 0 5 6 6 6   E - 3 - 0 6 6 2 6   E - 3 - 0 1 5 4 8  E-3  
1 6 7 4 0 8 4 3 4 9 6 0 9 1 . 5 0 4   - 8 7 1 6 . 1 7  0.0 0.0 
4 5 0  
1 0 3 4 .  1.0 
1 4 3 4 .  -1 .O 
1689 .8176   1 .0  
2 0 4 1 7 . 2 7 3 2 - 1 * 0  
2 0 5 4 6 0 3 8 3 2 1 . 0  
A- 19 
CASE  NUMBER 1 
UK. 398601.56 I N I T I A L  MASS. i.26446510E*07 MASS RATE= 2.23844079E*04 EXHAUST VELOCITY= 4.15407290E*OO HWAXm 100.000 
I M A X =  50 LEGMAY= 4 
" 
TlME TYPE OF A R C ( *  COAST*- RURN) 
1 ~ 0 3 4 0 0 0 0 ~ E * 0 3   1 ~ 0 0 0 0 0 0 0 0 E * 0 0  
1.689R176nE*O3 1*00000000F*00 
~ 1 ~ 0 0 0 0 0 0 0 0 E * O O  
1~00000000E+00 




I N I T I A L  STATE X 0  51187.493nnoo 4132.6342000  114.7055200  9 796-6.0577962 
.ESTIMATED Q O  .46604i4 ... -.7- . - . . ~ , 1 ~ 8 t * 6 -  -56666 . - -040066U 
DESIREO FINAL C -1.676A4340E*03  9.6 915040E+06  -8.70161700E+04 0. 0.  -0. 
. . . .  . . .  
CHANGE REQUISTEO I N  I N I T I A L  COSTITEISWITCHINQ TIMES AND FINAL  TIME 
I 
ITERATION NUMBER Z 
COAST ARC 
BURN 
I T E R A T I O N  TOTAL BURN TIME 
NUMBER 
1 3.8492760E+02 4.0000000E+02 2.558176OE+O2 1.8727456€+04 1.2911000E+02 
2  3.8492806E+02 3*9983188E*02  2.55817776tO2 1.8729539E+04 1.2Q11029E+02 
ITERATION 
NUMBER 
ERROR I N  BOUNDARY CONDITIONS-OC ( 1 - 8 )  
... - .... - . . . . . . .  
- 
1 -1.968911E+OO 5~063665E+OO 2.296253E*Oi la798668E-04 6.525732E-05 1.145631E-08 9.004042E-07 lm874902E-08 
2  -1.123247E-03 -4.826637E001 5*628740€-02  6.318398E~O6 P.66i7QQE-08 -2.406501E-11 4.245005E017 4.207506€-lC 
. . . . . . . . . . .  - - .. " .. .  - ... - ........ 
ITERATION 
. .  
DC(9-.12) ORF DVF CK 
. .  
NUMBER 
. . . . . . . . .  . . . .  
